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ABSTRACT
Discrete timemodels, one linear andonenon-linear, are investigated,
both with a herbivore species that consumes a basal food source
species. Results are presented for coexistence of the species and to
illustrate chaotic behaviour asparameters are varied in thenon-linear
model. The results indicate the benefit of fertilization in terms of
the region of parameter space for which coexistence occurs. Possi-
ble extensions from thesemodels for independent investigations are
provided alongside classroom exercises.
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1. Introduction

The analysis of complex and chaotic systems has been aided significantly by the advance-
ment of computer technology, both in terms of hardware and software.With large systems,
for example, those that are used tomodel ecosystems withmany interacting species, analy-
sis can be very complex with these systems giving rise to rich dynamics and very large data
sets (Fennel & Neumann, 2014; Kimmins et al., 2008; Seidl et al., 2011). A large ecological
network will contain many predator-prey interactions across multiple trophic levels and
mutualist interactions between species. Further complexity can be added to such models
by the inclusion of migration of species across weakly coupled networks. However, simple
discrete systems can be abstracted from these larger systems which are suitable for inves-
tigation by undergraduate students. Analysis of these simple systems can provide students
with the opportunity to advance their skills in mathematical modelling and numerical
investigation, with good undergraduate level introductions to such modelling being found
in Britton (2003) and Feldman (2019)

A basal food source plays a vital role in a food chain by providing nutrients to the higher
trophic levels that are present. Examples of research include the effects of a basal resource
alongside predation in microbial food chains (Balciunas & Lawler, 1995), what effect the
diversity of a basal resource alongside periods of drought has on different types of pests
(Poeydebat et al., 2021) and the investigation of the indirect effects predation, for example
depending when the top predator is introduced into a tri-trophic system, has on the basal
resources (Hughes et al., 2012). Of course the basal resources themselves can benefit from
nutrients being added into the ecosystem with nutrient recycling being a common way to
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achieve this. The resilience of a food chain (the rate at which a food web returns to steady
state following a perturbation) with added nutrients can be seen in DeAngelis et al. (1989)
which found that the resilience of a food-web may not always increase when the nutrient
input is increased and it may not always decrease as the number of levels in a food chain
increases. Another area of research is with algal blooms in Yu et al. (2019). The nutrients
available to the phytoplankton fluctuate from season to season with the effects of several
different types of nutrients being seen in Kooi et al. (2002).

While the models in the research literature have a range of sophistication, in this paper
we will look at a simple model of how a single species can be supported by a single basal
food source. Typically at an undergraduate level, simple discrete mathematical models for
population growth such as the logistic and Rickermaps are introduced as archetypal exam-
ples Britton (2003). In this paper we will use the logistic map as the basis model for a
herbivore population to investigate a two-dimensional system that involves a basal food
source and a herbivore. We will also investigate the effect of the herbivore’s faeces on the
basal food source being investigated.

2. Discrete linear model

When looking at modelling population growth, the simplest model is given as,

xi+1 = αxi (1)

which is the Malthusian growth model. The xi term is the population at the time step i and
α is the growth ratio of the population which considers the total amount of births, b, and
deaths, d, that occur per head of the population during said time step, i.e,

α = 1 + b − d (2)

Clearly from Equation (1), the system will be divergent if α > 1.
Throughout the rest of the paper, α will only need to consider the births that occur at

said time step as we will assume that each population only lasts for one time step i.e. d = 1.
The simplest model including a basal food source z is to consider a system where the food
is consumed by x at a constant rate β , but we initially do not take into account that the
basal resource is a factor in the dynamics of x. This gives rise to a model of the form

xi+1 = αxi
zi+1 = zi − βxi (3)

In this model the basal food source can be considered to be a fixed pile of food. Thus, it
begins at its maximum value z0 and becomes smaller with each time step due to being
consumed by the x species. This system can be recast using matrix notation,

χ i+1 = Aχ i

=
[

α 0
−β 1

] [
xi
zi

]
(4)
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which can be solved to give

χ i = Aiχ0

=
⎡
⎣ αi 0

−β

(
1 − αi

1 − α

)
1

⎤
⎦ [

x0
z0

]
(5)

With Equation (5) (or Equation (3)), the fixed points of this system can be calculated. If we
want to calculate the fixed points we need to work out,

χ = Aχ[
x∗
z∗

]
=

[
α 0

−β 1

] [
x∗
z∗

]
(6)

With this, we get the following fixed point,

(x∗, z∗) =
(
0,−β

(
1

1 − α

)
x0 + z0

)
(7)

which we can see through the use of Equation (5) if we take the limit i → ∞ with |α| < 1.

3. Discrete non-linear model

A more complex model, taking into account the fact that the population growth of x does
indeed depend on z is considered in the Classroom Exercises section (question 3), but we
now move on to a more realistic model of such a system based the logistic map. Looking
at a species X after n generations using the logistic map,

Xn+1 = αXn

(
1 − Xn

KZn

)
(8)

where α is the growth rate that is uninhibited and KZn is the carrying capacity with Zn
being the amount of basal food available at the nth generation. A general representation
of this map can be seen in Figure 1. We assume that the basal resource (without being
consumed) varies as,

Zn+1 = 2Zn
(
1 − Zn

2Zmax

)
(9)

Thus, we also model the basal food source using a logistic map. It is reasonable to assume
that in the absence of consumption the food sourcewill approach a constant non-zero value
(i.e. a period one orbit). This can be guaranteed by choosing the control parameter any-
where in the interval [1,3]. We choose the control parameter to be fixed at 2. Equation (9)
results in limiting behaviour,

lim
n→∞Zn = Zmax (10)

with this limit being approached monotonically (within at most one iteration) and hyper-
exponentially quickly (see question 1 of the Classroom Exercises section).
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Figure 1. Graphical representation of Logistic model of X species.

We now want to introduce some constant consumption rate per head, δ, that the X
species consumes the Z species by,

Zn+1 = 2Zn
(
1 − Zn

2Zmax

)
− δXn (11)

From Equations (8) and (11), we can now form a model that only involves 2 parameters,

xn+1 = αxn
(
1 − xn

zn

)

zn = 2zn
(
1 − zn

2

)
− βxn (12)

where

xn = Xn

KZmax
, zn = Zn

Zmax
, β = δK (13)

Another possible parameter that we can introduce is one that incorporates the faeces of
the x species. With a supply of nutrients now possibly being available to the basal food
source, this could alter populations throughout the parameter space. The system can thus
be extended in the following way,

xn+1 = αxn
(
1 − xn

zn

)

zn = (2 + pxn)zn
(
1 − zn

2

)
− βxn (14)

where pxi is the growth ratio term for zn which is determined by the faeces levels produced
by the x species. When p = 0 we simply return to the 2D system stated by Equation (12).
If p>0, then the faeces produced by the x species is beneficial to the basal food source and
when p<0 it is detrimental.

A standard approach to such two-dimensional systems is to calculate the fixed points
and analyse their stability, this will be shown later. Such fixed points are not always able to
be evaluated and a natural step is to investigate the dynamics of the system numerically to
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find regions of parameter space corresponding to stable, periodically varying, and chaotic
behaviour. To investigate such behaviour, Lyapunov exponents need to be calculated with
relevant methods being explained later. The coding for the two-dimensional system given
in Equation (14) is relatively easy, with a few lines of code allowing us to plot time series of
the behaviour over a large number of iterations.

Investigating where the system experiences chaotic behaviour requires calculating the
global Lyapunov exponent which can be done via numerical methods. When considering
a one-dimensional map,

xi+1 = f (xi) (15)

the local Lyapunov exponent is calculated by taking the natural log of the absolute first
derivative of f (xi) i.e.

λlocal = ln |f ′(xi)| (16)

The global Lyapunov exponent, λ, is the average of all the local Lyapunov exponents that
have been calculated over N iterations of the same orbit and is given as,

λ = lim
N→∞

1
N

N∑
i=0

ln |f ′(xi)| (17)

Global Lyapunov exponents measure the average separation of nearby points along an
orbit. A positive value for the global Lyapunov exponent signifies chaos in a bounded sys-
tem and a negative value can signify a fixed point or a periodic cycle. The global Lyapunov
exponent is relatively easy to calculate, with the map being iterated until transients have
been removed then the map is iterated with λ being calculated using Equation (17). The
number of iterations λ is calculated over is relatively large, with N = 104 being used to
produce the later results. In principle, λ is dependent on the initial value x0, however for
many common one dimensional maps this is not the case.

To calculate the largest (as there are now two) Lyapunov exponents in a two-dimensional
system the method given by Sprott in Sprott Sprott (2003) and also used in Abernethy
and McCartney (2017) is as follows:

Given a general two-dimensional map,

xi+1 = F(xi, yi)

yi+1 = G(xi, yi) (18)

with two points (xi, yi) and (xi + �x, yi + �y), separated by the distance (�x,�y). After
one iteration of this map, the separation of these two points will now become,

�x′ = �x
∂F
∂x

+ �y
∂F
∂y

�y′ = �x
∂G
∂x

+ �y
∂G
∂y

(19)

Using this new separation the local Lyapunov exponent is the log of the ratio of the
separation of the two nearby points after/before a single iteration of the map,

λlocal = ln

∣∣∣∣∣
√

�x′2 + �y′2√
�x2 + �y2

∣∣∣∣∣ (20)
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and the global Lyapunov exponent is the average of the local Lyapunov exponents calcu-
lated over many iterations of the map via,

λ = lim
N→∞

1
2N

N∑
i=0

ln

∣∣∣∣∣ (a + bY ′
i )
2 + (c + dY ′

i )
2

1 + Y ′
i
2

∣∣∣∣∣ (21)

where,

a = ∂F
∂x

, c = ∂G
∂y

b = ∂F
∂y

, d = ∂G
∂y

(22)

and the tangent of direction of maximum growth, Y ′, evolves,

Y ′
i+1 = c + dY ′

i
a + bY ′

i
(23)

and becomes independent of Y ′
0 after many iterations. Comparing this method to the one

used for the one-dimensional case can seem difficult, the derivatives involved however are
easy calculated and the coding involved is relatively short and is available on request from
authors.

4. Results

Looking at Equation (14), there are 3 different parameters that can vary p, α and β along
with the initial condition of the x species, x0 (we will assume that z0 = 1 i.e. the basal food
source is at its maximum population at the beginning before consumption). For this paper
we will assume α,β ∈ [0, 5] and obviously x0 ∈ [0, 1]. The value of p will be restricted
to 3 different values, −1.0, 0 and 1.0, which will have a detrimental effect, no effect and
a beneficial effect to the basal food source respectively. Different values for x0 have been
investigated, x0 = 0.1 and x0 = 0.4, with the results for x0 = 0.1 being presented below.
The results for x0 = 0.4 were broadly similar to those obtained for x0 = 0.1, except for
marginal changes to the parameter space in which certain behaviours occurred, for exam-
ple, the percentage of parameter space in which chaotic behaviour occurs when p = 1
increased by 0.3% when x0 = 0.4. For each value of α and β , 104 transients were removed
with the global Lyapunov exponent being calculated over another 104 iterations. If the
population levels were below 10−6, the population was set to 0.

Figure 2 shows the different behaviours that are experienced across (α,β) space when
p changes. The percentage of parameter space in which coexistence occurs is altered by
the value of p, increasing by 56.5% from p = −1 to p = 1. This shows that the faeces
of the herbivore is of great benefit to the system allowing both species to survive over a
larger parameter space. If we compare when p = 0 to p = −1, there is a 24.0% decrease
in coexistence parameter space compared to an 18.9% increase in coexistence parameter
space as p increases from 0 to 1. We can also see that this area of coexistence ‘shifts’ in
the parameter space as we look to the smaller values of β in all subfigures in Figure 2.
The maximum value of β that permits coexistence increases as p increases which occurs
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Figure 2. Qualitative behaviour of Co-existing regions: White = Extinction, blue =−10−2 < λ < 10−2,
purple = Period orbit greater than 1, yellow = Chaotic and aqua = Period 1. For every set of parameters
x0 = 0.1 and z0 = 1 with 104 transients being discarded followed by the Lyapunov exponents being
calculated over 104 iterations. (a) p = −1. (b) p = 0 and (c) p = 1.



8 A. MCALLISTER ET AL.

Figure 3. A Feigenbaum diagram of the herbivore species’ levels varying with α (β = 0.1 and p = 0).

Table 1. Regions of co-existing parameter space that experiences the
different behaviours for various values of p.

Period 1 Period greater than 1 Chaotic |λ| < 10−2

p = −1 97.19% 1.50% 0.03% 1.28%
p = 0 91.08% 6.49% 1.29% 1.14%
p = 1 83.37% 11.53% 3.90% 1.19%

when α = 1 for all values of p. The maximum value of β increases from 4.15 to 4.85 as
p increases from −1 to 1. Similar behaviour occurs with the maximum value for α when
p = −1 is 3.9 but this increases to α = 4 when p = 0 and p = 1. What also changes is
the different behaviours that occur in the parameter space. For p = −1 there is very little
chaotic behaviour compared to when p = 0 and p = 1. Table 1 shows how the different
regions increase and decrease with the variation of p. We can see that with the increase of
p the region of parameter space for which the system is chaotic increases despite the basal
food source having a greater benefit. The numerical evaluation of a global Lyapunov expo-
nent is, by definition, approximate, with the exact result only being obtained in the limit
of averaging over an infinite number of iterations. Sprott Sprott (2003) notes that the error
in the Lyapunov exponent varies as the inverse square root of the number of iterations,
and as we have estimated the Lyapunov exponent over 10,000 iterations we thus explicitly
note in Table 1 the fraction of parameter space such that |λ| < 10−2 as a region where,
to within numerical accuracy, it is not discernible whether or not the system is chaotic.
Figure 4 shows how the global Lyapunov exponent varies over a range of α. Figures 5 and 6
show examples of a periodic and chaotic attractor respectively that occurs in the system
with Figure 7 highlighting sections of this chaotic attractor.

When calculating the fixed points of two-dimensional systems, we consider a general
fixed point (x∗, z∗), which will be calculated in the following way,

x∗ = αx∗
(
1 − x∗

z∗

)
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Figure 4. The maximum global Lyapunov exponent varying with α with different values of p (β = 0.1
and x0 = 1).

Figure 5. A periodic (8) attractor where p = 1.00, α = 3.75 and β = 0.70

z∗ = (2 + px∗)z∗
(
1 − z∗

2

)
− βx∗ (24)

To find all possible fixed points, the system of equations given in Equation (24) needs to
be solved. Solving this would result in the following fixed points,

• (x∗, z∗) = (0,0)
• (x∗, z∗) = (0,1)
• (x∗, z∗) = ((1 − 1

α
)δ+, δ+)

• (x∗, z∗) = ((1 − 1
α
)δ−, δ−)
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Figure 6. A chaotic attractor where p = 1.00, α = 3.90 and β = 0.70

where

δ± = −α − p + αp ± √
α2 − 2βp + 4αpβ − 2α2βp + p2 − 2p2α + α2p2

αp − p
(25)

When we have calculated the fixed points, we can check to see when they are stable for the
system. To check the stability we will use the Jacobian. The Jacobian for a system of the
form Equation (24) is a matrix of the form,

J =

⎡
⎢⎢⎣

∂F
∂x

∂F
∂y

∂G
∂x

∂G
∂y

⎤
⎥⎥⎦ (26)

For our system the Jacobian becomes,

J(x∗, z∗) =

⎡
⎢⎣ −α(2x − z)

z
αx2

z2
pz

(
1 − z

2

)
− β (px + 2)(1 − z)

⎤
⎥⎦ (27)

Given the different fixed points, we can calculate the eigenvalues of the Jacobian and see
when the system is stable. If the absolute value of the eigenvalues of the Jacobian at a given
fixed point are less than 1, the systems is said to be stable. If at least one of these values are
greater than 1, the system is said to be unstable. For example, given (x∗, z∗) = (0, 1), the
Jacobian becomes,

J(0, 1) =
[

α 0
p
2

− β 0

]
(28)

which has the eigenvalues α and 0. This results in the fixed point (0, 1) being stable when
0 < α < 1. In our system, we would see that both species would have a period one orbit in
this given range where the populations would tend to x = 0 and z = 1.
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Figure 7. Sections of the chaotic attractor seen in Figure 6.

When considering p = 0, there will now only be two fixed points,

• (0, 1)
• (

(α−1)(α+β−αβ)

α2 , α+β−αβ
α

)

The region of stability for this second fixed point can be seen in Figure 2(b) given as the
region shaded in aqua. Of course the region where the fixed point (0, 1) is stable cannot be
seen in any of the figures in Figure 2 as the species do not coexist at this fixed point.

5. Concluding remarks

Discrete time systems have twin advantages of allowing the straightforward construction
of relatively simple mathematical models and inviting investigation via computation and
visualization. This visualization can take place via the use of Feigenbaum diagrams, time



12 A. MCALLISTER ET AL.

series and themapping of ‘global’ behaviour over a two-dimensional parameter space. This
paper has shown how such a simple map can be investigated. This model has shown how a
simple model involving a basal food source being consumed by a species with the species’
faeces enabling fertilization or having detrimental effects can have a variety of behaviours.
By varying the given parameters, one can see how these behaviours vary throughout a given
parameter space. The following classroom exercises give some examples of how the model
could be used in a teaching context, in particular, exercises 4 and 5 could form the basis of
a short student research project.

6. Classroom exercises

(1) Show that Equation (8) can be transformed to the form xi+1 = 2xi(1 − xi) Further,
show by induction that xn = 1

2 (1 − (1 − 2x0)2
n
). Note that the (.)2

n
term means that

the map converges hyper-exponentially quickly.
(2) For the simple linearmodel introduced in Equation (3) investigatewhat happenswhen

the food source is modified to be of the form zi+1 = γ zi − βxi. What is the signifi-
cance of the parameter γ ? Does the system possess any fixed points? What is the
nature of their stability?

(3) As noted in the text, the model described by Equation (3) is extremely simple in that
it assumes the food source is a fixed amount which is gradually depleted by the con-
suming species, and that the consuming species reproductive rate is not affected by
the existence of the food source. A more realistic model, which takes both of these
into account is given by,

xi+1 = αzixi
zi+1 = γ zi − βxi (29)

Find the fixed points of this system and determine their stability. What is the general
solution of the system when β = 0?

(4) The model in this paper has been based around the logistic map

xn+1 = αxn(1 − xn) (30)

to describe the dynamics of a simple population. An alternative discrete-time model
of population dynamics is given by the Ricker map

xn+1 = xn exp(α(1 − xn)) (31)

where the control parameter α > 0. The Ricker map was first studied, in relation to
fish stock modelling, in the 1950s (Ricker, 1954).
(a) Plot graphs of xn+1 vs. xn for each map
(b) What is the maximum possible returnable by each map?
(c) From ecological and mathematical modelling perspectives, what are relative

strengths and weaknesses of the maps?
(5) A variant of the model described in Equation (12) based on the Ricker model is

xn+1 = xn exp (α(1 − xn/zn))

zn+1 = (2 + pxn)zn
(
1 − zn

2

)
− βxn (32)
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Investigate the behaviour of this model by generating graphical results comparable to
those given in Figures 2–7.
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