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Summary 

Non-invasive electrocardiographic imaging has been developed to overcome the 

challenges and limitations of the standard 12-lead ECG and invasive cardiac mapping. 

It utilizes high density body surface ECG signals and patient specific heart-torso 

geometry to reconstruct cardiac electrical activity. Body surface ECG signals are 

contaminated with different types of noise such as baseline wander, line frequency 

noise, and high frequency artifacts that impact the inversely reconstructed cardiac 

electrical activity. In addition, inevitable missing electrodes due to electrode 

disconnection, applying defibrillation pads, and/or applying CARTO electrode patches 

affect the inverse reconstruction of cardiac electrical activity. This thesis aims to study 

the impact of different filtering techniques that comply with international 

recommendations for ECG diagnostic and medical devices on the inverse 

reconstruction of cardiac electrical activity. In addition, the impact of using different 

interpolation methods including the hybrid method that is developed in this thesis on 

the reconstructed cardiac electrical activity is evaluated. Furthermore, this thesis 

compares between different methods of estimating the activation time including the 

temporal and spatiotemporal methods from the reconstructed electrograms.  

 

Although there was no substantial difference in the inverse solution between the filter 

that has a bandwidth of 0.5 – 150 and notched at 50 Hz and the filter with a bandwidth 

of 0.5 – 40 Hz, it is recommended to use the former because the latter resulted in 

smoother reconstructed electrograms and a shifted activation time map.  

 

The developed hybrid interpolation method estimated the missing data in body surface 

ECG signals better than other interpolation methods. The ECG median CC values were 

0.992, 0.979, and 0.977 for the hybrid interpolation, Laplacian interpolation, and PCA 

interpolation respectively. However, the Inverse forward interpolation performed best 

when the reconstructed cardiac electrical activity was considered for comparing the 

performance especially when the missing electrodes has low peak-to-peak amplitudes. 

The median CCEGM increases from 0.619 without interpolation, to 0.656 when 

interpolating 11 electrodes using the IF interpolation. 
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The spatiotemporal method performed better than the temporal method in estimating 

the activation times from the reconstructed electrograms. The CC values increased from 

0.81 to 0.9 in Utah2. The same trend was noticed in the rest of the datasets. In addition, 

in the spatiotemporal method, using only the QRS part for estimating the activation 

time resulted in a better estimation as compared with using the whole beat. 
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Chapter 1 

Introduction 
 

1.1 Research background and motivation 

 

The standard 12-lead ECG is a safe, non-invasive, inexpensive, and quick diagnostic 

tool that measures the electrical activity of the heart as projected on the human torso. 

From a clinical standpoint, ECG tracings provide clinicians with valuable information 

about the function of the heart both structurally and electrically [1]. The electrical 

activity generated in the heart propagates through various surrounding body tissues and 

organs which attenuate, smooth, and distort it before eventually reaching the human 

torso surface where it can be measured noninvasively. This reduces the capability of 

the standard 12-lead ECG test in identifying the source of cardiac arrhythmias such as 

atrial fibrillation [2], premature ventricular contractions (PVC), outflow tract 

ventricular arrhythmias (OTVAs), and exit site location in ventricular tachycardia [3, 

4]. In addition, the performance of this test in identifying the optimal location for the 

placement of the pacing electrode in a cardiac resynchronization therapy is limited [5].  

 

A procedure called an ‘electrophysiology study’ or EP study is typically used to record 

the cardiac electrical activity from the epicardial or endocardial surface using invasive 

electrode catheters [6]. In this procedure, the attenuation and smoothing effect of the 

human volume conductor is avoided by inserting electrode catheters into a selected area 

of the heart to measure the cardiac electrical activity directly from the epicardium or 

endocardium. This procedure helps in guiding the radiofrequency ablation therapy 

which is an established therapy for terminating cardiac arrhythmias such as atrial 

fibrillation, premature ventricular contraction (PVC), and ventricular tachycardia [6]. 

Despite the usefulness of the routine, some drawbacks, including prolonged X-ray 
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exposure, risk of bleeding and infection, and low spatial resolution entails looking for 

a non-invasive procedure that overcomes these limitations.  

 

Thus, a non-invasive electrocardiographic imaging modality that exploits heart-torso 

geometry and body surface potentials to reconstruct epicardial potentials, electrograms, 

and activation time maps has been introduced to fill the gap between low resolution 

standard 12-lead ECG and invasive electrophysiological mapping [7]. In this modality, 

cardiac electrical activity is estimated non-invasively by solving the inverse problem of 

electrocardiology.  

 

Studies have been reported that technically validate the non-invasive 

electrocardiographic imaging procedure or what is called ECG imaging (ECGI). These 

studies include simulation studies [8], ex-vivo torso-tank experiments [7, 9, 10], and in-

vivo animal studies [11, 12]. These studies compared the reconstructed electrograms 

(EGMs) and the activation times derived from them with the ground truth recorded 

electrograms and the activation times derived from them. The ground truth EGMs are 

usually recorded in a torso-tank experiment, directly while performing the open-heart 

surgery, or using invasive cardiac mapping. However, the reconstructed EGMs are 

computed using the ECGI procedure. 

 

In addition to technical validation, ECGI was also validated pathologically in several 

studies. One study was performed to validate ECGI procedures for guiding the 

treatment of premature ventricular contraction (PVC) and ventricular tachycardia (VT) 

[13, 14]. Another study investigated the possibility of utilizing ECGI for guiding the 

placement of the pacing electrodes and predicting the response in the cardiac 

resynchronization therapy [15]. In addition, risk stratification and prediction of sudden 

cardiac death is another possible application of ECGI procedure [16]. 

 

Although the validation studies of ECGI showed comparable results to the recorded 

epicardial potentials, there are differences in the inverse solution between different 

research groups. This is because different research groups use different methods for 

pre-processing the recorded body surface ECG signals [7 – 12]. These pre-processing 

methods include filtering techniques and interpolation methods.  



Introduction 

___________________________________________________________________________________ 

___________________________________________________________________________________ 

Page 3 

The ill-posed nature of the inverse problem causes that the small inaccuracies in the 

recorded body surface ECG signals are amplified in the solution [17]. These 

inaccuracies can result from noises such as baseline wander, line frequency noise, and 

high frequency artifacts that contaminate the ECG recordings on the body surface. In 

addition, interpolation methods that estimate the missing ECG signals are another 

source of these inaccuracies [18, 19, 20].  

 

There are guidelines for the filters that should be used for eliminating measurement 

noise for the standard 12-lead ECG to guarantee that these filtering techniques do not 

impact the value of the ECG interpretation. These guidelines describe the bandwidth of 

the used filter, the impact of the filter on the baseline of the ECG signal, the impact of 

the filter on the ECG signal amplitude [21, 22]. There are no such guidelines for the 

filtering techniques that could be used for ECGI. The bandwidth of the filter that should 

be used for diagnostic ECG equipment is 0.05 – 150 Hz. However, for monitoring 

equipment, the bandwidth can be 0.05 – 40 Hz. Since the cut-off frequency at 0.05 Hz 

does not properly eliminate the baseline wander in the signal, it is possible to use a 0.5 

Hz cut-off frequency as long as the filter used is linear or exhibits a zero-phase response 

[22]. It is necessary to study the impact of these different filters on the inverse 

reconstruction of cardiac electrical activity. 

 

 Furthermore, it is common that the ECG signals recorded at some electrodes on the 

body surface are contaminated with severe noise due to electrode movement or 

disconnection. Consequently, it becomes infeasible to filter out these noises. It is 

required to either removing the signals recorded at these electrodes and not considering 

them for solving the inverse problem of electrocardiography or using different 

interpolation methods that compute the electrical potentials at these missing electrodes 

from the electrical potentials recorded at the surrounding electrodes. The interpolation 

could also be used for replacing ECG signals with low peak-to-peak amplitude. This is 

because these low peak-to-peak amplitude signals are affected more by noise, and it is 

sometimes difficult to filter these low amplitude signals without impacting the content 

of the ECG signals and the important features that they contain. Another reason for the 

need for this interpolation procedure is that there is some missing information due to 

the applied defibrillation pads and/or carto electrodes on the body surface.  
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There are several interpolation methods that are based on more classic signal processing 

methods and general interpolation such as Fourier transform interpolation, Chebyshev 

interpolation, and cubic spline interpolation [23]. These interpolation methods do not 

consider the physical properties of the volume conductor and the way that the 

electromagnetic field propagates in it. Laplacian interpolation is a method that 

reconstructs the missing information by constraining the solution to guarantee that the 

second spatial gradient on the body surface is zero [24]. This method has been used 

extensively in the literature for transforming the data between different lead systems 

from different research centres [25]. It was shown that Laplacian interpolation 

performed better than the signal processing-based interpolation methods [26]. This can 

be attributed to that the Laplacian interpolation considers some of the physical 

properties that explain the propagation of the electromagnetic field over the body 

surface [25]. 

 

The inverse forward (IF) interpolation is a method that computes the potential values at 

an intermediate surface between the torso and the heart from the potential values at the 

torso and the geometry of the torso. Following that, the potential values at all nodes 

including the missing leads are computed by transforming the potential at the 

intermediate surface to the torso surface [26]. This method is better than the other 

methods in estimating the missing information on the torso surface [26]. This thesis 

will investigate the impact of different interpolation methods on the inverse 

reconstruction of cardiac electrical activity.  

 

This thesis reports the effect of using three types of filters on the reconstructed ECGI: 

1. Filter that complies with international standards for diagnostic ECG devices (0.5 – 

150 Hz); 2. Filter that complies with international standards for monitoring ECG 

devices (0.5 – 40 Hz); 3. Extensive filtering (0.5 – 30 Hz). The change in the 

regularization parameter (λ) with different levels of noise and different types of filtering 

is also explored. It also investigates the impact of adding different levels of Gaussian 

noise or different levels of baseline wander to the torso surface ECG signals recorded 

in a torso-tank experiment where the heart was paced from 5 different locations. 
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Furthermore, a novel hybrid method that uses the concept of the principal component 

analysis (PCA) and Laplacian interpolation to interpolate/extrapolate the missing data 

in the body surface potential maps was developed and tested in comparison with the 

use of PCA interpolation or Laplacian interpolation separately. In addition, this 

developed method is compared with other interpolation methods in terms of its impact 

on the inverse reconstruction of cardiac electrical activities. 

 

Moreover, the impact of removing low amplitude signals or replacing them with 

interpolated signals using different interpolation methods such as the hybrid 

interpolation scheme, Laplacian interpolation, and inverse-forward interpolation 

methods on the reconstructed cardiac electrical activity is investigated in this thesis. 

 

1.2 Aims and objectives of this thesis 

 

The overall aim of this thesis is to investigate the effect of different pre-processing 

techniques, including filtering and interpolation, on the features that can be extracted 

from the inverse solution such as electrograms, potential maps, and activation time 

maps.  

 

The overall aim has been met through the following objectives:  

1. To study of the impact of applying different pre-processing methods for 

removing high frequency noise, baseline drift, and line frequency noise from body 

surface ECG signals on the reconstructed epicardial potentials and the features 

extracted from them. 

 

2. To develop a novel interpolation method that combines Laplacian minimization 

and principal component analysis (PCA) techniques for interpolating missing 

information in body surface potential maps. 

 

3. To investigate the impact of interpolating low amplitude signals using different 

interpolation methods on the inverse reconstruction of cardiac electrical activity 

including the electrograms, potential maps, and activation time maps. 
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4. To compare the accuracy of the temporal method versus the spatiotemporal 

method in estimating the activation times from the reconstructed electrograms.   

 

1.3 Structure of the thesis 

 

This thesis is structured in seven chapters. Chapter 1 is the introductory chapter. It 

highlights the challenges that this thesis will address and the goals that it will 

accomplish. A review of the relevant literature relating to the topic of the ECG imaging 

and signal pre-processing in the literature will be presented in chapter 2. This chapter 

shows how the inverse problem of electrocardiography was introduced and translated 

from bench to bedside. It also presents the clinical value of the ECG imaging and the 

possible clinical fields that can benefit from this non-invasive modality. At the end of 

this chapter, the different studies that investigated the impact of different signal 

processing techniques including filtering and interpolation on the inverse solution are 

reviewed. Chapter 3 presents the first study that investigates the impact the filtering 

techniques that comply with international standards for diagnostic or monitoring ECG 

devices on the inverse reconstruction of cardiac electrical activities. In addition, it 

shows the effect of adding different levels of Gaussian noise or baseline wander on the 

selected regularisation parameter and on the reconstructed inverse solution. The second 

research study in the thesis is presented in chapter 4. In this chapter, a novel method of 

interpolating missing leads in the body surface potential maps is introduced. This 

method of interpolation exploits the concept of principal component analysis and 

Laplacian minimisation to reconstruct the missing data in the BSPM. Chapter 5 reports 

on the third study which investigates the benefits of interpolating low amplitude signals 

using the hybrid interpolation, Laplacian interpolation, inverse-forward interpolation 

on the reconstructed epicardial potentials and the features extracted from them. The 

fourth study is presented in chapter 6. This study investigates the comparison between 

the temporal methods and the spatiotemporal methods in computing the activation times 

from the reconstructed epicardial electrograms. The last chapter is chapter 7 which 

concludes the thesis and presents the main outcomes of these four studies. It also shows 

the future perspective of this work.    
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Chapter 2 

Theoretical Background 

 

2.1 The origin of cardiac electrical activity 

 

The function of the heart is to pump blood to the entire body through the circulatory 

system. The heart consists of four chambers: right atrium, right ventricle, left atrium, 

and left ventricle. The right atrium contracts to push deoxygenated blood into the right 

ventricle which, in turn, pumps the blood to the lungs to be oxygenated. The left atrium 

pumps the oxygenated blood coming from the lungs into the left ventricle from where 

it is pumped to the rest of the body.  

 

This mechanical process is initiated, synchronized, and coordinated by the electrical 

conduction system of the heart. It consists of sinoatrial (SA) node, atrioventricular (AV) 

node, Bundle of His, Bundle branches, and Purkinje fibres. The electrical impulse is 

initiated spontaneously at the SA node in the right atrium. Then, it propagates through 

both atria causing their contraction and pumping blood into the ventricles. When the 

electrical stimulus reaches the AV node, it is delayed briefly to allow the atria to pump 

all the blood into the ventricles. Then, this stimulus is rapidly propagated throughout 

the ventricles by the Bundle of His, left and right Bundle branches, and Purkinje fibres. 

This rapid propagation of electrical impulse in the ventricles is required to ensure the 

simultaneous electrical activation and contraction of the ventricles [1].  
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Figure 2.1 Cardiac action potentials from different cell types of human heart. 

 

A typical change in the membrane potential of cardiac cells is called action potential. It 

propagates from one myocyte to another through gap junctions. This action potential 

differs between different types of cardiac cells as shown in Figure 2.1. The measured 

ECG on the body-surface is a representation of the total effect of these action potentials 

from all types of cardiac cells. This ECG signal itself consists mainly of P-wave, QRS 

complex, and T-wave. The P-wave and QRS complex represent the activation of the 

atria and ventricles, respectively. The T-wave represents the recovery of ventricles [1]. 

 

Cardiac myocyte action potentials are created as a result of influx and efflux of mainly 

three ions including sodium (Na+), potassium (K+), and calcium (Ca+2) ions across the 

cellular membrane via ion channels, pumps, and exchangers. This action potential has 

5 phases (numbered 0-4) as shown in Figure 2.2. During phase 4, the myocyte 

membrane is almost only permeable to K+ (inward rectifier K+ channels are open), 

keeping the resting membrane potential at about -90mV (inside relative to outside). 

Once the myocyte is activated by the flow of ions from neighbouring cardiac cells 

through the gap junction, voltage gated Na+ channels open, and other channels become 

almost closed causing a high inward flow of Na+. This causes depolarization of the 
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myocyte and the membrane potential peaks at +25 mV. Subsequently, transient K+ 

channels open and Na+ channels close, returning the membrane potential to 0mV. This 

stage is called stage 1 or early repolarization. In plateau phase or phase 2, the membrane 

potential is sustained by the balance between inward flow of Ca+2 through L-type Ca+2 

channels, and outward flow of K+ through delayed rectifier K+ channels. The high 

concentration of Ca+2 inside the myocyte initiates the contraction of this cell. During 

phase 3, Ca+2 channels close and delayed rectifier K+ channels remain open, leading to 

a rapid repolarization of the cardiac myocyte. Active transport of ions by Na+/K+ pump, 

the Na+/ Ca+2 exchanger and the sarcoplasmic reticulum Ca+2 pump restore the 

intracellular ion concentration to the resting membrane values [4]. 

 

Figure 02.2 The different phases of action potential in the heart and underlying ion 

fluxes (currents) across the cell membrane. 

 

2.2 Arrhythmia mechanisms 

 

Cardiac arrhythmias are mainly caused by one or a combination of the abnormal 

generation of the stimulus (abnormal automaticity or triggered activity) and abnormal 

propagation of the stimulus (re-entrant mechanism). This abnormality of initiation and 

propagation of the stimulus is caused by the abnormal change in the cellular 
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electrophysiology of cardiac cells and its transmembrane potential resulted from some 

underlying pathological causes such as genetic mutation of ion channels, and regional 

ischemia. 

 

Abnormal automaticity: Automaticity is a normal characteristic of the SA node. Due to 

the slope in diastolic depolarization at stage 4 of the action potential of these cells, they 

can fire impulses progressively and develop a wavefront that propagates to the rest of 

cardiac cells. Other parts of the conduction system such as AV node, Bundle of His, 

and Purkinje fibres have this property as well. However, the SA node fires at a higher 

rate than other cardiac cells. Consequently, other cardiac cells fire only when SA node 

firing rate become slower than others. In Abnormal automaticity, some abnormalities 

such as cardiac disease, drugs, changes in extracellular potassium, or sympathetic 

nervous stimulation allow other cardiac myocytes that normally do not have this 

property to exhibit enhanced automaticity and develop a repetitive impulse initiation 

[1]. 

 

Triggered activity: Afterdepolarization is the oscillation of membrane potential during 

action potential (early afterdepolarization) or directly after action potential (delayed 

afterdepolarization).  This afterdepolarization can initiate another action potential if the 

threshold of excitation is reached leading to a self-sustaining triggered activity. In 

contrast to abnormal automaticity, triggered activity is a response to a preceding AP 

[5]. 

 

Abnormal Impulse Conduction and Re-entry: In normal heart, action potential initiated 

in the SA node propagates to all cardiac cells through the conduction system and 

neighbouring cells. In this period of propagation, cardiac cells are immune to another 

activation due to their long refractory period. So, the wavefront dies out before the 

cardiac cells become excitable again. However, certain abnormalities in the conduction 

velocity and refractoriness of cardiac tissues lead to that they become excitable again 

before the wave-front dies. Consequently, a repetitive propagation of this wave-front 

until it reactivates its origin may occur. This is called re-entry or re-entrant excitation 

[1]. 
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2.3 A brief history of the electrocardiogram 

 

In the late 18th century, Galvani discovered “animal electricity”. He discovered in an 

experiment on a frog that muscle responds to external electrical impulse. Afterward, he 

demonstrated that muscle cells possess an intrinsic electrical force responsible for 

muscle contraction in a living organism [6]. In 1842, an Italian physicist ‘Matteucci’ 

demonstrated in a frog the association between cardiac contraction and electrical 

current. Following that, several investigators and scientists have recorded the electrical 

activity of animal’s heart using a device invented by Lippmann called ‘capillary 

electrometer’. However, the first human electrocardiograph was recorded by Waller, a 

British physiologist, in 1887. He published his observations on the electrical activity 

accompanying the human heartbeat and compared that with the recording of electrical 

activity of feline and frog hearts [7]. 

 

The Dutch physician Einthoven made a remarkable contribution in electrophysiology 

and is largely recognised as the inventor of the electrocardiography. This led to him 

being awarded the Nobel prize for physiology and medicine in 1924 [8]. He was the 

first who used the P, Q, R, S, T notation to describe the deflections of the 

electrocardiogram – terminology still used today. Einthoven’s invention of the string 

galvanometer was a big breakthrough that paved the way for the production of the 

world’s first commercial ‘ECG machine’ [8]. Einthoven and his colleagues introduced 

the Einthoven triangle in 1913. They immersed the right arm, left arm, and left leg in 

pails of electrolyte solution to measure the electrical activity of the heart in the form of 

limb leads; lead I, lead II, and lead III [5]. 
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Figure 2.3 The first recording of human ECG recorded using a capillary electrometer 

by Augustus Waller (1887). 

 

Although Einthoven was amongst the first who introduced the ECG into clinical 

medicine, this field was dominated by major contributions from his successor, the 

British cardiologist Sir Thomas Lewis. He described all aspects of the mechanism of 

normal and abnormal heartbeat in his major publications; The Mechanism of the 

Heartbeat [9] and Clinical Electrocardiography [10]. Based on the ECG, he described 

different cardiac arrhythmias including left and right ventricular hypertrophy, atrial 

flutter, heart block, paroxysmal atrial tachycardia, and atrial fibrillation [9, 10]. 

 

During the period after 1920, electrocardiography was influenced mainly by Frank 

Wilson, a student of Sir Thomas Lewis. He introduced the Wilson central terminal 

(Figure 2.4a) as the average of limb potentials, and he suggested utilizing this as a 

reference when measuring precordial leads. In 1938, the American Heart Association 

and the Heart Society of Britain and Ireland published the standards for recording 

precordial leads from six sites named V1 through V6. Following that, an American 

cardiologist, Dr Emanuel Goldberger, invented the three augmented leads (a-VR, a-VL, 

and a-VF) by measuring the potential between one of the limb leads and the average of 

the other two limb leads as shown in Figure 2.4b. In 1954, the American Heart 

Association published their recommendation for standardization of 12-lead 

electrocardiogram (Figure 2.5) [13]. 
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Figure 02.4 a) The circuit of the Wilson central terminal (CT). b) The circuit of the 

Goldberger augmented leads. 

 

 

Figure 2.5 Normal 12 lead ECG traces (Limb leads: I, II, III; Augmented leads: aVR, 

aVL, aVF; precordial leads: V1 through V6). 

 

2.4 Development of electrocardiographic imaging 
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Over the last 60 years, the standard 12-lead ECG (Figure 2.5) has been the most 

commonly clinical test used to assess cardiovascular diseases. It has been a useful test 

in the detection of cardiac arrhythmia, ischemia and infarction, conduction system 

abnormalities, and other heart conditions [14]. However, lower sensitivity and 

specificity of the standard 12-lead ECG in diagnosing and classifying patients with 

different cardiac arrhythmias, and its low spatial resolution [15] motivated researchers 

during the last few decades to search for a better modality.  

 

Based on the hypothesis that higher spatial sampling of the body surface (recording the 

electrical activity of the heart from 32-252 electrodes on the body surface) would 

provide a more complete picture of the underlying electrical activity of the heart, and 

consequently, a better understanding and detection of the underling cardiovascular 

diseases, researchers have suggested Body Surface Potential Mapping (BSPM) [5]. In 

this modality, the electrical activity of the heart at each time instant of the heartbeat is 

visualized as a three-dimensional torso map (Figure 2.6) [12].  

 

The improved diagnostic value of BSPM as compared to 12 lead ECG has been 

investigated thoroughly in the literature. Osugi 𝑒𝑡 𝑎𝑙. have showed the superiority of 

BSPM over 12 lead ECG in detecting old inferior myocardial infarction [16]. In 

addition, the sensitivity for detection of acute myocardial infarction has been increased 

from 32% to 64% when comparing 12 lead ECG with BSPM respectively [17]. Another 

study by SippensGroenewegen 𝑒𝑡 𝑎𝑙. showed that BSPM enhanced the localization of 

the site of origin of post-infarction ventricular tachycardia [18]. More recently, Guillem 

𝑒𝑡 𝑎𝑙. demonstrated the ability of using BSPM in identification the site of high 

frequency activity in patients with atrial fibrillation which would help in non-invasive 

diagnosis and treatment of AF [19]. 
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Figure 2.6 Three-dimensional color-coded torso maps which represent body surface 

potential maps at the peak of R-wave. Anterior (left) and posterior (right) view of 

human torso model with potential spatial distribution. Red and Blue areas represent 

positive and negative potentials respectively. 

 

Despite the value of the diagnostic information contained in BSPM, the clinical uptake 

has not been significant. This is due to several limitations associated with the procedure. 

Firstly, the recorded BSPM is a smoothed version of the cardiac electrical activity, and 

consequently it still misses some important information about the underlying condition 

of the heart. Secondly, the complexity of the acquisition procedure along with the lack 

of standardisation in interpretation methods has meant that BSPM has not disrupted the 

well-established and widely accepted 12 lead approach [20].   

 

Direct mapping by inserting and advancing one or more electrode catheters 

percutaneously through the vasculature to attach to the endocardium has been a method 

of choice for long time for guiding the treatment of cardiac arrhythmia. The advantage 

of this invasive cardiac mapping procedure over any other modality is that the electrical 

activity is measured directly from cardiac tissue without any attenuation from the torso 

volume conductor. This procedure is performed using different techniques including 

multielectrode (basket) catheter mapping, electroanatomic mapping (Carto), and 

noncontact endocardial mapping [21]. However, the cost, risk, and complexity of this 

procedure make it unsuitable for risk stratification and follow up tests after the therapy. 

Furthermore, its limited spatial resolution and inability to conduct the mapping 



Literature Review 

___________________________________________________________________________________ 

___________________________________________________________________________________ 

Page 19 

continuously in time over a sufficiently long duration add challenges in diagnosing 

many arrhythmias that require these capabilities [22]. Recently, there has been an 

increasing adoption in the clinical practice of a non-invasive modality 

(Electrocardiographic Imaging (ECGI)) that overcomes all the previous limitations, and 

mathematically avoid the smoothness effect of torso volume conductor.  

  

2.5 Electrocardiographic Imaging 

 

ECGI is based on noninvasively reconstructing epicardial potentials, electrograms, and 

isochrones (activation sequences) from measured body surface potentials and heart-

torso geometries. The resulted spatiotemporal details of the electrical activity of the 

heart are exploited to diagnose different cardiac arrhythmias, guide the ablation therapy, 

and gain a better understanding of the mechanisms behind these arrhythmias. 

 

ECGI requires two major steps: 1. Solution of the forward problem which represents 

the mathematical relationship between potential field on the heart surface and potential 

field on the body surface considering the geometries of both surfaces and conductivities 

of the bounded volume conductors between them. 2. Solution of the inverse problem 

which exploits the transformation matrix computed in the forward problem and the 

potential field measured on the body surface to mathematically calculate the potential 

field on the heart surface.  

 

2.5.1 Forward problem 

 

The solution for this problem starts by defining the model that represents the cardiac 

source. The epicardial potential model and activation wave-front model are currently 

the most widely used cardiac models for formulating the forward problem [12]. The 

epicardial potential model is based on representing the cardiac source in terms of its 

epicardial potentials [23]. Potential maps that represent the distribution of epicardial 

potentials, and electrograms that represent the temporal change of potential at a single 

point on the heart are obtainable directly using this model. In addition, cardiac 

isochrones which represent the activation and recovery processes can be extracted from 

these direct features. One disadvantage of this model is that the transmural activity is 
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not possible to reconstruct, resulting in the potential for missing important cardiac 

information.    The other cardiac source model is the activation wave-front model which 

is based on describing the cardiac source in terms of activation time on the heart 

surfaces including the epicardium and endocardium [5]. While this model allows the 

direct reconstruction of activation and recovery time (isochrones), it is not possible to 

extract some features like epicardial potentials and electrograms based on this approach 

[24]. 

 

After defining the source, a system of linear equations that govern the electromagnetic 

relation between the heart and torso surfaces are derived. Equation 2.1 shows the 

relationship between cardiac and torso potentials.  

 

∅𝑇 = 𝐴 ∅𝐻                                 (2.1) 

 

Where A is the patient specific transfer matrix, ∅𝑇 is a vector containing the torso 

potential field, and ∅𝐻 is a vector containing the heart surface potential field.  

CT or MRI imaging is required to capture the heart-torso geometry and identify the 

location of electrodes on the torso (Figure 2.7). Based on the geometries and 

conductivities of the heart and torso and the volume conductor in between, the patient 

specific transfer matrix (A) is generated. Several assumptions have been considered to 

simplify the generation of the transfer matrix (A) including firstly, the torso volume 

conductor is purely resistive and has negligible capacitive and inductive effects [25]. 

Secondly, this system obeys the quasi-static assumption, meaning that the charges are 

fixed or move in a steady flow [26].  

 

For simplicity, the homogeneity of the torso volume conductor is assumed. But to make 

the model more realistic, a piecewise homogeneous volume conductor is used. This 

model contains multi homogeneous compartments that resemble the major tissues such 

as lungs, fatty tissue, bones, and skeletal muscles, each with its separate uniform 

conductivity [27]. More complicated representations consider the inhomogeneity and 

anisotropy within these major organs especially skeletal muscle. Although the 

importance of these inclusions was highlighted in some recent studies [28, 29], another 

study showed that the inverse reconstruction is just slightly less accurate when ignoring 
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the inhomogeneity [30]. An experimental validation study for the forward problem [31] 

showed that there was insignificant difference between the BSPMs generated using the 

homogeneous and inhomogeneous models in terms of Pearson’s correlation coefficient 

(CC). However, when considering other measures such as the length and the direction 

of the vector that connects between the maximum and minimum potentials, and the 

difference in potential values between these extrema, the authors showed that the 

differences between the homogeneous and inhomogeneous models is substantial and 

statistically significant. This means that in order to get a more representative transfer 

matrix between the body surface and the epicardial potentials, it is better to incorporate 

the inhomogeneity of the volume conductor especially the anisotropic skeletal muscle 

[31]. 

 

Figure 2.7 Heart-torso geometry (top) modelled based on CT scan images. BSPM 

(bottom) measured using a vest of 250 electrodes. Epicardial potentials, 

electrograms, and isochrones (left) computed using the inverse electrocardiography. 

 

2.5.2 Numerical solution methods 

 

Analytical solution is only applicable for simple regular geometries such as a sphere. 

However, in order to solve the governing equations of the forward problem over 

irregular complex geometries of human body, numerical techniques are required. 

Boundary element method (BEM) is the most commonly used numerical method in 

most applications of electrocardiographic imaging (ECGI). Compared to finite element 
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method (FEM) which requires construction of volumetric meshes between heart and 

torso, the BEM requires only the heart and torso surfaces and the interface between 

regions of different conductivities to be discretized. This reduces the complexity of 

constructing meshes and the computational load of BEM. An advantage of FEM is the 

ability to model anisotropic inhomogeneous regions [32].  

 

Recently, a meshless numerical technique called method of fundamental solution 

(MFS) has been introduced to overcome the disadvantages of BEM and FEM including 

the need for manual editing of the constructed meshes, and mesh related artifacts in the 

reconstructed solution. This method improves the applicability of ECGI as a clinical 

tool [33]. 

 

2.5.3 Inverse problem 

 

Following defining the source, measuring body surface potentials, and formulating the 

patient specific transfer matrix (A), the inverse solution is used to compute the electrical 

activity on the heart surface. Theoretically, for each body surface potential distribution 

there is only one unique epicardial potential distribution. However, this inverse 

reconstruction is practically ill-posed [22]. This means that a small inevitable error in 

the body surface recording or in the patient specific transfer matrix can cause a large 

unbounded error in the reconstructed solution of epicardial potential distribution. The 

solution for this problem is to impose appropriate physiological or mathematical 

constraints to deal with this uncertainty and obtain a realistic solution. A successful 

regularized solution is the one that gives an image of the cardiac electrical activity that 

is meaningful physically and physiologically. This depends on the type and amount of 

regularization applied. There are many types of regularization techniques such as 

Tikhonov regularization, Generalized Minimal Residual (GMRes) method, truncated 

Singular Value Decomposition (tSVD), Greensite SVD [5, 35]. This review will cover 

two main regularization methods including Tikhonov and GMRes. 

 

Tikhonov regularization: It is the most common regularization method used to 

constraint the solution of ill-posed inverse electrocardiographic problem. In this 



Literature Review 

___________________________________________________________________________________ 

___________________________________________________________________________________ 

Page 23 

scheme, the potentials on the heart surface (𝛷𝐻) is computed by finding the solution 

that satisfies the following objective function: 

 

𝑚𝑖𝑛
𝜙𝐻

[‖𝐴𝜙𝐻 − 𝜙𝐵‖2
2  + 𝜆𝑡

2‖𝑅𝜙𝐻‖2
2]                (2.2) 

 

Where: 

A is the forward matrix. 

𝜙𝐻 indicates the epicardial potentials. 

𝜙𝐵 indicates the body surface potentials. 

𝜆𝑡 is the regularization parameter at time 𝑡. 

𝑅 =  𝐼, Identity matrix (Tikhonov zero order) 

𝑅 =  𝐺, surface gradient operator (Tikhonov first order) 

𝑅 =  𝐿, surface Laplacian operator (Tikhonov second order) 

 

The first term in (2.2) is the least square solution of (2.1). The second term in (2.2) is 

the regularization term that limits the total magnitude of the solution (for 𝑅 = 𝐼), the 

steepness of the solution (for 𝑅 = 𝐺), or the rate of change of the steepness (for 𝑅 =

𝐿). The optimal value of the regularization parameter 𝜆𝑡 provides a balance between 

the unstable least square solution dominated by the effect of noise and overregularized 

solution affected by applying constraints too heavily [34].  

 

There are many approaches that identify the optimal value of the regularization 

parameter 𝜆𝑡. Figure 2.8 illustrates the L-curve method which is one of the most 

common methods for this purpose. The residual norm ‖𝐴𝜙𝐻 − 𝜙𝐵‖2 is plotted against 

the regularization norm ‖𝑅𝜙𝐻‖2 in a log-log scale. The optimal value of 𝜆𝑡 corresponds 

to the point of maximum curvature at the corner of L-curve [5]. 
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Figure 2.8 A log-log plot of the residual norm  ‖𝐴𝜙𝐻 − 𝜙𝐵‖2  against the 

regularization norm ‖𝑅𝜙𝐻‖2. The optimal value of 𝜆𝑡 is at the corner of the L-curve 

(maximum curvature). 

 

GMRes method: In Tikhonov regularization, 𝜆𝑡 changes with time and it is sometimes 

difficult to select this value automatically. In addition, a priori information is needed 

for selecting 𝜆𝑡 that can give an accurate estimate of the epicardial potentials. 

Furthermore, the smoothing effect of this regularization can reduce the spatial 

resolution. To overcome these limitations, an iterative method named “Generalized 

Minimal Residual (GMRes) method” that does not apply constraint and does not require 

regularization parameter has been introduced [35]. GMRes method is comparable to 

Tikhonov regularization in terms of accuracy, and in some cases, it recovered localized 

potential featured with better spatial resolution [12]. 

 

2.6 Technical validation of ECGI 
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The reconstructed inverse solution of electrocardiography is validated by comparing it 

quantitatively to the ground truth. One study modelled the heart and the volume 

conductor as eccentric spheres. In this study the effect of changing the conductivity of 

intracavitary blood, lung, skeletal muscle, pericardium, or myocardium which simulates 

some pathologies on the body surface potentials was investigated using the analytical 

solution. Furthermore, the effect of the size and location of the heart within the volume 

conductor was also investigated. It was shown that different parts that represent the 

inhomogeneity in the volume conductor play an important role in determining the 

potential distribution on the body surface. In addition, the value of body surface 

potential increased with the increase in the volume of the intercavitary blood. 

Furthermore, the reduction in the conductivity of the lung reduces the value of the 

surface potential [36].  

  

A simulation study performed by Svehlikova 𝑒𝑡 𝑎𝑙. was used to validate the inverse 

problem of electrocardiography. Different pacing sites on the heart that simulate PVC 

focus were used to generate the electrical activity of the heart. Gaussian noise was 

added to the generated body surface potentials to simulate the measurement noise. 

Afterward, the inverse problem was solved, and the solution was constrained to satisfy 

the assumption that the source of the electrical activity is a single point. It was shown 

that the PVC locations were successfully identified within 20 mm from the ground truth 

location [37]. 

 

Shome 𝑒𝑡 𝑎𝑙. performed an ex-vivo torso-tank experiment that used an isolated canine 

heart to validate the forward and inverse problem and to understand the underlying 

mechanism of the ischemia [38]. Another validation torso-tank experiment conducted 

using a canine heart suspended in a human shaped torso-tank concluded that the inverse 

problem of electrocardiography can be used to compute the epicardial potentials and 

the activation and recovery sequence over the entire heart. This study showed that this 

information can help in identifying the source of the premature ventricular contraction 

(PVC) and determining the irregularities in the conduction system of the heart [39]. In 

a study to compare the effectiveness of BSPM and ECGI in determining the ventricular 

desynchrony noninvasively, Bear 𝑒𝑡 𝑎𝑙. demonstrated that ECGI performs better in 
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detecting the electrical desynchrony in the heart and the resynchronization that happens 

after applying the cardiac resynchronization therapy [40]. 

 

Animal (in-vivo) studies were conducted to evaluate the forward and inverse problem 

of electrocardiography. Liu 𝑒𝑡 𝑎𝑙. evaluated the ability of ECGI to localize the pacing 

site on the heart of ten swine models. The estimated locations of the pacing sites (16 

LV and 48 RV) were identified within 6.1 ± 2.3 mm from the ground truth on average 

[41]. Another study was performed on 4 swine models (in-vivo) to investigate the 

capability of ECGI to distinguish between the endocardial and epicardial pacing. It was 

shown that 23 out of 27 pacing sites were correctly identified as endocardial or 

epicardial pacing [42]. Laura 𝑒𝑡 𝑎𝑙. conducted a validation study on five pigs and 

concluded that useful information about the initiation and propagation of the activation 

sequence can be obtained from the reconstructed inverse solution [43]. 

 

The effectiveness of ECGI was validated using clinical studies. The electrical activities 

were recorded simultaneously from the heart and body surface in five patients who 

underwent open heart surgery. It was demonstrated that the ECGI procedure helped in 

recognizing if the origin of activation is in the epicardium or the endocardium. This 

helps in choosing the suitable electrophysiological study and ablation therapy. 

Furthermore, the locations of the pacing sites were determined successfully with a 

localization error less than 10 mm [44]. Another clinical study aimed to validate the 

capability of the ECGI procedure in determining the ventricular tachycardia (VT) exit 

sites was performed by Sapp 𝑒𝑡 𝑎𝑙. The computed electrograms using the ECGI 

procedure were compared to the ground truth electrograms recorded using the 

epicardial catheter mapping in 4 patients. The VT exit sites that correspond to the 

earliest activation were identified within 13±9 mm over normal myocardium from the 

ground truth sites [45].  

 

Cluitmans 𝑒𝑡 𝑎𝑙. showed that the reconstructed electrograms EGMs were highly 

correlated with the recorded EGMs at some nodes and poorly correlated at other nodes. 

The median correlation coefficient (CC) was 0.71 and the interquartile range of 0.36 – 

0.86 [46]. Another in-vivo experiment has shown that the median CC’s for the EGMs 
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were between 0.69 and 0.72 for the heart that was paced from different locations in the 

epicardium or the endocardium [43]. 

 

2.7 Arrhythmias’ validation 

 

The treatment of premature ventricular contraction (PVC) or ventricular tachycardia 

(VT) involves a long procedure of mapping invasively the electrical activity of the heart 

to identify the source of the ectopic activities that causes these arrhythmias and ablate 

these sources. ECGI by noninvasively mapping these sources can help in understanding 

the electrophysiological status of the heart and guide the ablation therapy. Identifying 

the source of these arrhythmias or at least determining the region of interest for the 

ablation therapy can improve the delivered treatment and reduce the time of the 

procedure [24, 47]. The commercial Cardioinsight ECVUE technology which uses 

ECGI for non-invasive cardiac mapping showed that the accuracy of identifying the 

heart chamber that has PVC was 95% as compared to 76% when using 12-lead ECG. 

The PVC sublocilisation accuracy was 95% and 37% for the ECVUE technology and 

12-lead ECG, respectively [48]. In another study that used the novel non-invasive 

epicardial and endocardial electrophysiology system (NEEES) for localizing PVC, the 

chamber that contained the PVC was correctly identified in 20 out of 21 cases, and 19 

out 20 who underwent the ablation therapy were free from recurrence off antiarrhythmic 

drugs during the 6 months of follow up [49].  

 

Myocardial infarction (MI) can happen due to the lack of oxygen supply to part of the 

myocardium. This leads to a scar tissue that forms in the region of MI due to the 

structural change in the myocardium. This scar tissue can cause conduction block in the 

region of the scar and a slow conduction in the boundary region around the infarct scar. 

This change in the tissue conductivity may cause a re-entry circuit that can lead to a 

sustained ventricular tachycardia (VT). Because implantable cardioverter defibrillator 

(ICD) based therapy does not resolve the problem permanently and the patient who 

undergoes this treatment is susceptible to recurrent episodes of VT, ablation therapy is 

recommended to interrupt the re-entry circuit and prevent the arrhythmia from reoccur 

[50]. The volumetric identification of the infarct scar that can be a substrate for the 

ventricular tachycardia (VT) is achievable using the novel volumetric inverse solution 

that reconstructs the transmural transmembrane potential [51]. The volumetric method 
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of determining the infarct scar was more efficient than the surface delineation of the 

infarct in terms of guiding the ablation therapy [51]. ECGI was also validated for 

identifying the size and location of myocardial infarction (MI) and guide the ablation 

therapy that would be needed to suppress the ventricular tachycardia (VT) resulting 

from the infarct. Wang 𝑒𝑡 𝑎𝑙. developed a framework that uses BSPM and MRI images 

to estimate the transmembrane potentials (TMP) inside the myocardium and determine 

the size and location of the myocardial infarction. This study showed the usefulness of 

the ECGI in identifying these infarct scars [52].  

 

In a normal conduction system of the heart, the only pathway for the electrical impulse 

between the upper and lower part of the heart is through the atrioventricular node. 

However, an extra electrical pathway can be seen when the heart suffers from the Wolf-

Parkinson White (WPW) Syndrome. This causes an increase in the heartbeat that could 

result in serious heart problems. ECGI was also validated for identifying the region in 

the heart that is responsible for Wolf-Parkinson White (WPW) Syndrome to guide the 

ablation therapy [53]. 

 

2.7.1 ECGI for risk stratification 

 

Sudden cardiac death is a critical issue that requires collaborative approach to help in 

the treatment and prevention. Approximately 20% of sudden cardiac death cases in 

patients with heart that structurally normal are attributed to Brugada syndrome. 

Although the mechanism behind the Brugada syndrome is still debatable, there are two 

hypothesis that explain this mechanism: 1. Repolarization abnormalities: this can be 

seen in the 12-lead ECG as ST elevation. 2. Conduction abnormalities: this can be seen 

as ST elevation and fractionation in the ECG. Also, the electrograms recorded from the 

right ventricular outflow tract (RVOT) show abnormalities such as fractionated late 

potential and low voltage [54]. Zhang 𝑒𝑡 𝑎𝑙. showed that ECGI can be used to 

distinguish between Brugada syndrome and right bundle branch block. The 

reconstructed electrograms (EGMs) and the activation and recovery times derived from 

them were used for the characterization of Brugada syndrome. The features that have 

been seen specifically in the right ventricular outflow tract (RVOT) are: 1. ST elevation 

and inverted T wave in the reconstructed EGMs. 2. Low amplitude and fractionated 
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EGMs indicating abnormality in the conduction. However, right bundle branch block 

was characterized by delayed activation over the whole right ventricle without 

fractionation or inverted T wave on the reconstructed EGMs [54].  

 

Long QT syndrome (LQTS) is characterized by a long duration of the QT interval in 

the ECG signal because of the abnormality in electrical conduction system of the heart. 

This abnormality often results from genetic disorders that impact the ion channels 

impeded in the myocytes membrane and affect the inward Na+, inward Ca+2, or 

outward K+ currents and consequently the action potential duration. LQTS is a cardiac 

arrhythmia that has a high mortality rate if not treated properly. It is considered a life-

threatening arrhythmia that is responsible for a considerable amount of sudden cardiac 

deaths among young patients [55]. ECGI offers significant potential in the study of 

electrophysiological substrates of patient’s hearts with hereditary LQTS because of the 

possibility of mapping the entire ventricle with high resolution. After comparing the 

features computed using ECGI such as the reconstructed EGMs, activation sequence, 

recovery sequence, and the interval between activation and recovery of the heart, it has 

been shown that the activation time is normal in all subjects including those with 

hereditary LQTS. However, the recovery time and time interval between activation and 

recovery were much longer in the patients with hereditary LQTS as compared to normal 

subjects. In addition, there was a spatial heterogeneity in the activation-recovery 

duration and a steep dispersion in the repolarisation in the subjects with hereditary 

LQTS. This suggests that detecting these abnormalities using ECGI makes this 

modality a possible choice for risk stratification and prediction of sudden cardiac death 

[56]. 

 

2.7.2 ECGI for cardiac resynchronisation therapy 

 

Systolic heart failure occurs when lower than 40% of the total blood available in the 

ventricle is pumped out with each contraction (ejection fraction < 40%). In some cases, 

when there is an electrical desynchrony between the two ventricles, cardiac 

resynchronization therapy is indicated to restore the normal heart rhythm and achieve 

the correct timing pattern. It is established that this therapy significantly improves the 

pumping efficiency of the heart and reduces the mortality rate and hospitalization and 
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improves the quality of life of the concerned patient. However, 20% to 40% of the 

receivers of this treatment do not experience the improvement that we seek, and they 

are called non-responders [57]. A study of the electrophysiologic substrate 

noninvasively using the electrocardiographic imaging reveals the reasons for the 

electrical desynchrony in the ventricles and determines the regions of slow or no 

conduction and areas of lines of block on the heart surface. This information about the 

electrophysiological status of the heart helps in optimizing the cardiac 

resynchronization therapy (CRT), and measure the response of the patient with left 

bundle branch block (LBBB) and left ventricular dysfunction to this treatment [58].  

 

Ploux 𝑒𝑡 𝑎𝑙. conducted a study on 18 patients with left bundle branch block (LBBB) 

and 15 with nonspecific intraventricular conduction disturbance (NICD) to assess the 

capability of ECGI to predict patient response to cardiac resynchronization therapy 

(CRT) using 3 parameters derived from the activation map:  ventricular electrical 

uncoupling (VEU)  defined as the difference between the LV and RV mean activation 

times, RV total activation times (RVTAT), and LV total activation times (LVTAT). It 

was shown that the activation sequences in the patients with LBBB were uniform as 

compared to that for the patients with NICD where the activation sequences were 

heterogeneous. In addition, ventricular electrical uncoupling (VEU), the parameter 

derived from the activation map, is a good predictor of the response to CRT and 

outperformed the ability of 12-lead ECG in identifying the responders [59]. This novel 

index identified using electrocardiographic imaging shows encouraging results in 

classifying the responders from the non-responders to CRT and helps clinician in 

decision making [59]. 

 

2.8 Clinical value of ECGI 

 

It has been shown from the previous studies that ECGI reveals valuable clinical 

information that can help in diagnosis and treatment of patient with certain cardiac 

arrhythmias. Cluitmans 𝑒𝑡 𝑎𝑙. in their review study of the clinical application of ECGI, 

have categorized the potential adoption of the ECGI in the clinical practice into three 

categories: 1. Personalized disease understanding 2. Therapy guidance 3. Enabling 

innovative therapies [24]. 
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2.8.1 Personalized disease understanding 

 

The novel technology of ECGI that was validated in the studies shown previously, 

offers opportunities for understanding the mechanism of cardiac arrhythmias that affect 

a particular patient. Through studying the activation and recovery sequences derived 

from the reconstructed electrical activity of the heart using ECGI, it is possible to gain 

insight into the electrophysiological status of the cardiac substrate. An example of these 

arrhythmias whose mechanisms the ECGI helped in understanding is the hereditary 

LQTS [56]. Patients with this arrhythmia who underwent ECGI procedure have longer 

duration between the time of activation and recovery [56]. Furthermore, understanding 

the electrophysiology of the two ventricles which suffer electrical desynchrony using 

ECGI offers guidance to the selection of appropriate location for placing the pacing 

electrodes in cardiac resynchronization therapy (CRT) and can help in predicting if the 

patient will respond or not to this therapy [58 - 60]. 

 

2.8.2 Therapy guidance 

 

Careful consideration of the ECGI clinical studies reported in the literature shows that 

these studies focus mainly on guiding the treatment of atrial and ventricular arrhythmia 

s. This treatment involves localising the source of arrhythmia s such as premature 

ventricular contraction (PVC), ventricular tachycardia (VT), and atrial fibrillation (AF) 

to guide the ablation therapy that uses radiofrequency (RF) waves to destroy the tissue 

responsible for the arrhythmia and convert them to scar tissue and stop the arrhythmia. 

The invasive procedure time and the number of applications of radiofrequency have 

been reduced significantly using the non-invasive electrocardiographic imaging 

because of the preprocedural accurate identification of the chamber of interest and the 

source of arrhythmia [24]. Haissaguerre 𝑒𝑡 𝑎𝑙. demonstrated that ECGI helped in 

localising the AF drivers and the arrhythmogenic regions in patients with persistent AF. 

This reduced the procedure time needed to deliver the radiofrequency therapy to 

terminate the AF to 28±17 minutes as compared to 65±33 minutes in the control group 

[61]. 
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In a clinical study performed by Erkapic and Neumann to investigate the efficacy of 

ECGI in guiding the ablation therapy for premature ventricular complexes (PVC), the 

authors used three metrics to measure this efficacy including: 1. How many RF 

applications are needed to terminate PVCs. 2. The time spent before delivering the first 

RF application. 3. The total procedure time. The results of the study showed that the 

usage of ECGI instead of the standard 12-lead ECG significantly reduced the total 

procedure time, the number of RF applications, and the time needed before applying 

the first RF application. This suggests the feasibility of the ECGI procedure in guiding 

the ablation therapy for the termination of PVC [48]. 

 

Guiding electrodes placement in the cardiac resynchronisation therapy is another 

promising opportunity that ECGI offers. Laura 𝑒𝑡 𝑎𝑙. performed an experimental study 

on 11 pig hearts perfused using Langendorff apparatus and suspended in a human torso 

shaped tank. The application of radiofrequency ablation was used to induce left bundle 

branch block (LBBB). Epicardial breakthrough in the right ventricle accompanied with 

the absent of breakthrough in the left ventricle was the way to define the LBBB. Four 

markers were used to identify the electrical desynchrony in the heart including: 1. The 

mean activation time in the RV free wall subtracted from the mean activation time in 

the LV free wall; 2. The minimum epicardial AT subtracted from the maximum 

epicardial AT; 3. The minimum epicardial AT subtracted from the maximum epicardial 

AT in the LV epicardial region; 4. Standard deviation of ATs on the LV epicardial 

region. It was demonstrated that these markers helped in characterising the electrical 

desynchrony in porcine hearts with LBBB. In addition, the accurate determination of 

the latest activation, the target for placing the pacing electrode, might help in reducing 

the procedure time and improve the patient safety by reducing the exposure to 

fluoroscopy [40]. 

 

2.8.3 Enabling Innovative Therapies 

 

ECGI holds promise to foster the development of new and innovative therapeutic 

approaches that allow for non-invasive diagnosis and treatment of cardiac arrhythmias. 

An interesting study has investigated the efficacy and safety of combining the 

anatomical imaging, electrocardiographic imaging, and non-invasive cardiac radio-
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ablation to localize and ablate the cardiac substrate responsible for ventricular 

tachycardia induced by implantable cardioverter defibrillator (ICD) in 5 patients. The 

efficacy of the treatment was manifested by the reduction of the total number of VT 

episodes from 6577 three months before the treatment, to 680 six weeks after the 

treatment, and then 4 episodes after another 6 weeks. It has been showed that this non-

invasive innovative therapeutic approach resulted in a significant reduction in the 

burden of VT episodes. It has also been shown that this treatment was safe after 

studying the effect of the therapy on the nearby tissue. There were no evidence of 

necrosis, acute inflammation, or haemorrhage in the myocytes of the surrounding 

tissues [62].  

 

Another innovative technology where the ECGI modality might play a crucial role in 

developing is the novel non-invasive CT ECGI electromechanical imaging. Dawoud 

𝑒𝑡 𝑎𝑙. performed a study on canine models to investigate the benefits of the combined 

CT imaging and ECGI in understanding the electromechanical function of the cardiac 

substrate to help in guiding the placement of LV electrodes for a better response to the 

cardiac resynchronisation therapy (CRT), and in predicting the success of the therapy 

[63]. Several factors affect the response to the cardiac resynchronisation therapy 

including the mechanical desynchrony, electrical desynchrony, scar burden, and the 

location of LV pacing lead. This innovative technology that combines the imaging 

modalities might help in assessing the electrical and mechanical desynchrony in the 

heart and personalise the lead placement in the cardiac resynchronisation therapy 

(CRT). In addition, this technology holds promise in predicting the response of an 

individual patient to the CRT therapy [63]. 

 

2.9 ECG Signal Processing for ECGI 

 

ECG recordings from the human body surface are corrupted with measurement noise 

including firstly, low frequency noise resulting from baseline wander, respiration, and 

movement. Secondly, high frequency noise from muscle artifacts, 50/60 Hz power line 

interference, and electromagnetic radiation [64]. This measurement noise is known to 

significantly impact the diagnostic accuracy of ECG interpretation [65]. As cited 

earlier, the inverse problem of electrocardiography is ill-posed, which means that small 

disturbances in the recorded body surface ECGs due to measurement noise can cause 
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large changes in the solution. Consequently, it becomes impossible to reliably interpret 

the computed electrical activity of the heart and make a diagnosis of the cardiac 

arrhythmias. Regularization techniques such as Tikhonov regularization can 

significantly reduce the effect of the ill-posedness of the inverse problem and result in 

a solution that helps in the diagnosis of cardiac arrhythmias if a suitable regularization 

parameter λ is selected [66]. 

 

Different signal processing techniques can be used to reduce the measurement noise 

from the signal. On the other hand, excessive use of these signal processing techniques 

might 1. Change the amplitude and morphology of the ECG signal; 2. Distort or remove 

some of the ECG signal contents. This might impact the reconstructed ECGI solution. 

 

The effect of signal noise on the inverse reconstruction of cardiac electrical activity was 

investigated previously by adding different levels of Gaussian noise to the body surface 

ECG signals. Four levels of Gaussian noises 6.25, 12.5, 50, and 100 μV (RMS) were 

added to the clean signals. The signal to noise ratio after adding the noise was at worse 

32 dB, and the range of the signals were approximately 2.5 mV peak-to-peak. Four 

methods of solving the inverse problem including TSVD, TSVD-Greensite, Tikhonov, 

Greensite–Tikhonov, and four methods for selecting the regularization parameters (λ) 

including CRESO, L-curve, optimal, zero-crossing were used. The results indicate that 

there was an improvement in the accuracy of the inverse solution in terms of the 

epicardial potentials (relRMSE) and activation times (RMSE) when the added Gaussian 

noise were reduced from 100 to zero μV (RMS). The largest improvement was achieved 

when the noise was below 10 μV (RMS) [67]. This study shows that this inevitable 

measurement noise that contaminates the body surface ECG signals reduces the 

accuracy of the reconstructed epicardial potentials and the activation times derived from 

them [67]. This means that appropriate filtering is needed to remove the noise without 

impacting the content of the ECG signals [67].  

 

Another study performed by Barnes and Johnston to investigate the effectiveness of the 

robust generalized cross-validation (RGSV) method in determining the regularization 

parameter (λ) when solving the inverse problem of electrocardiography as compared to 

other methods such as L-curve, CRESO, Zero-X. Different levels of noises were added 

to the body surface signals before solving the inverse problem to explore the 
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effectiveness of RGSV over these variations of noises. It was shown that the relative 

error between the reconstructed epicardial potentials and the gold standard epicardial 

potentials increased as the level of noise increased across different methods of 

determining the regularization parameter [68]. 

 

Ramanathan and Rudy conducted a study to explore the impact of the presence of 

Gaussian potential noise in the torso potentials on the inverse reconstruction of cardiac 

electrical activities when the homogeneous versus inhomogeneous torso model was 

used [69]. The peak-to-peak Gaussian noise introduced to the torso potentials was 50 

μV. The activation maps were less affected by the introduction of the Gaussian noise 

in comparison to the potential maps and reconstructed EGMs. There was a significant 

reduction in the amplitude of the reconstructed EGMs because of the added 

measurement noise. This reduction was caused by the smoothing effect of the increase 

in the regularization parameter when the noise was added. It is worth noting that the 

addition of measurement noise caused a slight change in the morphology of the 

computed EGMs or the activation times derived from them. In addition, both 

inhomogeneous and homogeneous models performed approximately equally when the 

measurement noise was present [69]. However, in the absence of noise, the 

inhomogeneous model performed better than the homogeneous model in terms of 

correlation coefficient (CC) and relative error (RE) [69].  

 

Although these previous studies investigated some aspects of the impact of adding noise 

to the body surface ECG signals on the inverse solution, other aspects are still not 

covered. These studies did not come across the impact of adding low frequency noise 

(baseline wander) on the value of the regularization parameter and consequently on the 

inverse reconstruction of cardiac electrical activities represented by electrograms, 

potential maps and activation maps. In addition, it did not mention how the 

regularization parameter changes with increasing the level of the added Gaussian noise. 

Chapter 3 of this thesis will investigate the sensitivity of the regularization parameter 

to different levels of the added Gaussian noise or the added baseline wander. 

Consequently, it will answer some questions about the changes in the reconstructed 

EGMs, potential maps, and activation times in response to these added noises. 
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Reducing these noises using filtering techniques that target the noise only without 

impacting the content of the ECG signal itself is necessary to improve the inverse 

reconstruction of ECGI. In a clinical study that recruited 10 patients who underwent 

cardiac resynchronization therapy (CRT) with the aid of a non-invasive imaging of 

cardiac electrophysiology, the recorded body surface ECG signals were filtered using a 

bandpass filter with a bandwidth of 0.3-400 Hz [70]. However, a wavelet filter was used 

to eliminate the high frequency noise and subtracting the polynomial approximation 

from the signal was used to remove the baseline wander in a study that used ECGI to 

image the scar related ventricular tachycardia [71]. A recent clinical study that utilized 

ECGI for localizing the source of premature ventricular contraction (PVC) has used a 

bandpass filter with a bandwidth of 0.05-500 Hz and a notch filter at 50 Hz [72].  

 

It can be seen from the previous studies that there is a lack of consensus in the clinical 

and validation studies to the used filtering technique to denoise the recorded body 

surface ECG signals. This issue attracted the attention of some researchers in the field 

of electrocardiographic imaging, who performed a study to investigate the effect of 

different filtering techniques on the ECGI reconstruction. Six different types of low 

pass filtering including moving average, Pipberger [73], 50 or 60 Hz Notch filter, 

Savitzky-Golay, rational transfer function [74], Butterworth filter were used to remove 

the high frequency noise. In addition, five different methods such as simple method, 

wavelet-based method, Savitzky-Golay, Cubic-Spline, and Butterworth filter for 

baseline wander removal. A total of 35 different combination of the low pass filters and 

baseline drift removal methods were used to filter the body surface signals before 

implementing the inverse reconstruction [75]. This study revealed that different 

methods of applying high frequency removal did not result in a substantial change in 

the correlation coefficient values of EGMs compared to no filtering method. In addition, 

baseline drift removal increased the amplitude of the reconstructed EGMs and the 

correlation coefficient values of EGMs. Also, there were no significant difference 

between the different methods of performing the baseline drift removal including the 

simple method which simply removes the DC component from the signal. The 

combination of baseline drift removal and high frequency removal significantly 

improved the amplitude of the reconstructed EGMs and the correlation coefficient (CC) 

values. Overall, this study showed that signal processing has a minor effect on the 

inverse reconstruction. The simple baseline drift removal is sufficient for improving the 
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ECGI solution. In addition, the high frequency removal of noises did not impact the 

accuracy of the reconstructed EGMs [75].   

 

It is still unclear what is the impact of different denoising techniques that can be used 

to eliminate these noises on the ECGI reconstruction. In addition, the impact of these 

filtering techniques on the selected regularization parameter was not deeply 

investigated. The main requirement needed when implementing high pass filter 

(baseline wander removal) is to prevent the distortion of ST segment and QT interval. 

Consequently, the 3-dB cut-off frequency should be selected carefully (a trade-off 

between the distortion of ST segment and QT interval and the suppression of the 

baseline wander). According to the American Heart Association (AHA), the cut-off 

frequency (at -3dB) should not exceed 0.05 Hz when the filter’s phase response is 

nonlinear [76]. However, the 3-dB cut-off frequency for filters with linear phase 

response (FIR filters) and zero phase response (Forward-Backward IIR filter) is 0.5 Hz 

(or 0.67 Hz at – 0.9dB) according to the current American Standard AAMI EC11 [77] 

and international standard IEC 60601-2-51 [78] for diagnostic ECG units. Also, the 

ripple in the passband between 1 to 30 Hz should not exceed 0.5dB. Furthermore, the 

displacement of 0.1mV in the baseline should not be exceeded when the designed filter 

is applied on a simulated train of triangular 3mV by 100ms impulses. 

 

In summary, a high pass digital filter with the previously mentioned AAMI and IEC 

requirements (-0.9dB cut-off frequency lower than 0.5Hz, less than 0.5dB passband 

ripple over the range of 1 to 30 Hz, and a baseline displacement lower than 0.1mV) 

should be used on the body surface ECGs to reduce the error in the ECGI 

reconstruction. 

 

Low pass filter is important to suppress the high frequency noises such as muscle 

artifacts, power line interference, and instrumentation noise. It is recommended by 

American Heart Association (AHA) and American College of Cardiology (ACC) that 

cut-off frequency of this filter should be at 150 Hz for diagnostic purposes [77, 79]. 

This is to preserve QRS complex and small notches in the ECG recording. But this wide 

passband requires another filter (notch filter) around 50/60 to eliminate the power-line 

interference. This filter should be wide enough to suppress this interference and reduce 

its ringing effect and narrow enough to prevent QRS distortion. 
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An alternative approach is to use a low pass filter at 40 Hz cut-off frequency to eliminate 

power-line interference and other high frequency noises altogether. There are no 

comprehensive studies that investigate the diagnostic implications of using a cut-off 

frequency at 40 Hz [80]. Consequently, it is important to examine the effect of both 

approaches (upper cut-off frequency at 150 Hz with notch at 50/60 Hz, and upper cut-

off frequency at 40 Hz) on the ECGI reconstruction. 

 

2.10 Interpolation methods for BSPM and ECGI 

 

In the clinical practice, electrocardiographic imaging is performed by the acquisition of 

ECG signals using a vest of more than 200 electrodes that covers the anterior and 

posterior portions of the human torso. This increased spatial sampling allows for a 

complete picture of the electrical activity of the heart and capturing all cardiac 

information. However, this high number of recording electrodes increases the 

possibility of acquiring noisy ECGs due to inevitable poor electrode-skin contact. In 

addition, it is not possible to record the ECG signal at some locations due to applying 

the defibrillation pads and/or carto electrodes. In the context of inverse 

electrocardiography, such noisy ECGs are not tolerable and must be discarded or 

interpolated to guarantee a realistic solution of the inverse problem that represents the 

epicardial activity. 

 

2.10.1 Interpolation using discrete Fourier transform 

 

In BSPM, the potential values are measured at some nodes over the torso surface. A 

certain row or column of the discrete measurement points over the torso surface can be 

represented as a function of potential values in space. The discrete Fourier transform of 

𝑁 points of that function results in 𝑁 points in the frequency domain. If these 𝑁 points 

in the frequency domain are increased to 𝑝𝑁 points by adding zero at the middle of 

these 𝑁 points and then the applying the inverse discrete Fourier transform on these 𝑝𝑁 

points, we get 𝑝𝑁 points in the space domain for that row or column. This new row or 

column of 𝑝𝑁 points represents the N measured points and the 𝑝(𝑁 − 1) interpolated 

points. This concept can be performed on each row and column so that the intermediate 
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unmeasured points are interpolated [81]. This method has several limitations that 

prevent using it for interpolating large region of missing electrodes: 1. The distance 

between these 𝑁 points should be equal; 2. The number of these points should be high 

enough to prevent aliasing; 3. The 𝑁 points need to be periodic [82].  

 

2.10.2 Interpolation using Chebyshev series 

 

Sometimes, the interpolation needs to be performed in a limited area of the body surface 

that is not periodic in space. This breaches one of the requirements for applying the 

Fourier transform interpolation. Chebyshev polynomials offers a solution to this issue. 

So, instead of looking at the signal as a series of infinite periodic sines and cosines that 

have different amplitudes and frequencies as in Fourier series, Chebyshev polynomials 

express the signal as a series of polynomials. It exploits the trigonometric property that 

converts the harmonics of a cosine function to a polynomial in 𝑐𝑜𝑠(𝛷): 

 

cos(2∅) = 2𝑐𝑜𝑠2∅ − 1                   (2.3) 

cos(3∅) = 2𝑐𝑜𝑠3∅ − 3𝑐𝑜𝑠∅            (2.4) 

cos(4∅) = 8𝑐𝑜𝑠4∅ − 8𝑐𝑜𝑠2∅ + 1    (2.5) 

 

Although Chebyshev interpolation overcome some of the limitations of Fourier 

interpolation and results in a lower error and a better fit, but the need for uniform 

sampling in space make it unsuitable for interpolating missing data in large regions 

[81]. 

 

2.10.3 Interpolation using cubic splines 

 

Cubic spline method uses a polynomial of third degree to perform the interpolation 

between two points of known values. This is explained as follow:  

The general formula of a third-degree polynomial is: 

 

𝑓(𝑥) = 𝑎𝑥3 + 𝑏𝑥2 + 𝑐𝑥 + 𝑑     (2.6) 

𝑓′(𝑥) = 3𝑎𝑥2 + 2𝑏𝑥 + 𝑐          (2.7) 
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When the values of the function and its derivative are known at these two points, it is 

possible to find the coefficients of this polynomial as follows: 

 

𝑓(0) = 𝑑                                               (2.8) 

𝑓(1) = 𝑎 + 𝑏 + 𝑐 + 𝑑                            (2.9) 

𝑓′(0) = 𝑐                                                (2.10) 

𝑓′(1) = 3𝑎 + 2𝑏 + 𝑐                               (2.11) 

 

Rearranging these equations gives: 

 

𝑎 = 2𝑓(0) − 2𝑓(1) + 𝑓′(0) + 𝑓′(1)        (2.12) 

𝑏 = −3𝑓(0) + 3𝑓(1) − 2𝑓′(0) − 𝑓′(1)     (2.13) 

𝑐 = 𝑓′(0)                                                 (2.14) 

𝑑 = 𝑓(0)                                                       (2.15) 

 

After calculating the coefficients of the third-degree polynomial, it is possible to 

interpolate the points between these known points. This is a simple way of performing 

cubic spline interpolation and can be extended to apply interpolation for periodic and 

nonperiodic function in space. In addition, this method does not require equidistance 

between the measured points [81]. 

 

It was shown in [81] that cubic spline interpolation performed better than Fourier 

interpolation and Chebyshev interpolation in terms of RMSE values. However, these 

interpolation methods consider the general interpolation ideas and the theory of signal 

processing and does not account for the physics of the problem. Other methods that 

consider the physical properties of the propagation of the electromagnetic field in the 

volume conductor should be considered and tested for their effectiveness. 

 

2.10.4 Laplacian interpolation 

 

Laplacian interpolation is a method for interpolating unknown potential values at the 

surface of the volume conductor from the known potential values by minimizing the 
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Laplacian of potential function on the torso surface as described in the following 

equation: 

 

∆𝑠𝑓 =
𝜕2𝑓

𝜕𝑥2
+

𝜕2𝑓

𝜕𝑦2
+
𝜕2𝑓

𝜕𝑧2
                           (2.16) 

 

The mathematical explanation of the Laplacian interpolation process is explained in 

chapter 4 of the thesis. The reason behind selecting the Laplacian constraint for this 

problem is that the physical properties of the potential distribution on the body surface 

satisfy the condition that the second order spatial gradient of that distribution 

(Laplacian) over the surface is zero [83].  

 

The performance of many interpolation methods has been investigated in the literature 

to reconstruct missing information in biopotential maps of human torso or scalp. In a 

comparison between four methods of interpolating BSPMs including Fourier 

interpolation, Chebyshev interpolation, cubic spline interpolation and linear 

interpolation, Schijvenaars 𝑒𝑡 𝑎𝑙. have shown that cubic spline interpolation performed 

best overall [84]. Other methods such as local barycentric method was also used for this 

purpose [85]. These previously mentioned interpolation methods are based on general 

interpolation and signal processing techniques and does not consider the physical 

behavior of electromagnetic field in three-dimensional (3D) space. Consequently, it did 

not perform very well in large regions of missing information. The Laplacian 

interpolation which is based on minimizing the Laplacian at all points at the surface of 

the volume conductor performed better than previous methods. This is because it 

considers some of the physical properties of the biopotential volume conductor where 

is the Laplacian of potential over the surface of torso that does not have sources or sinks 

is zero [83].  

 

Laplacian interpolation was utilized by MacLeod 𝑒𝑡 𝑎𝑙. to pool BSPM recorded in 

different research centres [86]. The data recorded from two research centres: 1. 

University of Utah (192 leads) 2. Dalhousie University (117 leads) have been used in 

this study to generate a complete map of 658 leads. Although the spacing between 

electrodes and layout is different between the two research centres, but the results 

showed that Laplacian interpolation can help in transforming the recorded BSPM from 
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one scheme to another [86]. Another study performed by Hoekema 𝑒𝑡 𝑎𝑙. showed that 

BSPM recorded from different research centres using different lead systems can be 

pooled into a unified system and these data can be transformed from one lead system 

to another [87]. The transformation from one lead system to another can be performed 

by using Laplacian interpolation that transform the data from the first lead system to a 

densely triangulated torso surface and from that to the second lead system [87]. A larger 

study which involved eleven lead systems from different research centres with number 

of leads that ranges from 32 – 219 utilized Laplacian interpolation for transforming 

between these different systems [88]. 

 

 

2.10.5 Inverse-forward (IF) interpolation 

 

Inverse-forward (IF) interpolation developed by Burnes 𝑒𝑡 𝑎𝑙. is an interpolation 

method that considers the potential measured at the surface and the electromagnetic 

behaviour within the volume conductor. Despite the superiority of this method in 

interpolating into large region of missing data, the computational cost of this method 

limits its applicability [89]. Recently, a study has shown that the inverse reconstruction 

of cardiac potentials was more accurate when noisy electrodes were discarded (no 

interpolation) as compared to when this missing data was interpolated using local 

barycentric interpolation method [90]. This is in consistent with the fact that BSPM 

contain a lot of redundant information.  

 

In this thesis a novel hybrid method that combines Laplacian interpolation and principal 

component analysis (PCA) based interpolation is introduced. The performance of this 

method in comparison to that of other methods will be investigated. 
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Chapter 3 

The impact of filtering and adding noise on the 

inverse reconstruction of cardiac electrical 

activity 

 

3.1 Introduction 

 

Heart disease is the major cause of mortality worldwide [1]. In the face of this 

challenging disease, special attention must be accorded to provide the necessary 

medical treatment. An important step in this direction is to provide accurate medical 

diagnoses. Measuring the electrical activity of the heart noninvasively by attaching 10 

electrodes on the human torso (standard 12-lead ECG) has been the main diagnostic 

test for many decades. Despite of the significant utility of this modality in helping 

clinicians to make appropriate diagnostic decisions, its limitations are well known. This 

is particularly the case in the accurate identification of the origin of cardiac arrhythmia. 

For this purpose, cardiologists and electrophysiologists are using invasive cardiac 

mapping which helps in localizing the source of arrhythmia and guides the ablation 

therapy if needed. 

 

Non-invasive cardiac mapping, often referred to as electrocardiographic imaging 

(ECGI) has seen increased interest in recent years. This modality, based on a patient 

specific heart-torso geometry and torso potentials recorded from more than 100 torso 

electrodes, can be used to accurately identify the origin of heart arrhythmias non-

invasively [2]. Recently, there has been an increase adoption in clinical practice of 

ECGI, motivated by the extensive validation studies on animal models [3] and humans 

[4, 5] and on different pathological cases including premature ventricular contraction 

(PVC) and epicardial exit sites localization [3, 6]. This has been aligned with the 

commercial availability of medical device technology incorporating ECG functionality. 
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However, other validation studies have shown variation in the accuracies of the 

reconstructed epicardial potentials as compared to the recorded potentials [7, 8].  

 

Mathematically, the relationship between the measured torso potentials and epicardial 

potentials is governed by Laplace’s equation [9]. Several numerical techniques 

including boundary element method (BEM), finite element method (FEM), and finite 

difference method (FDM) are used to discretize the problem and calculating the forward 

Matrix (𝐴) [10–13]. Body surface ECG signals are corrupted with measurement noise. 

These measurement noises include low frequency baseline wander caused by breathing 

and movement, high frequency noise resulted from muscle artifacts and 50/60 Hz power 

line interference.  These measurement noises are one of the main sources of inaccuracy 

in the reconstructed epicardial potentials. Eliminating these noises (Baseline wander 

and high frequency artifacts) from the body surface ECG signals can be performed 

using different signal processing techniques. But caution should be taken when using 

the filtering techniques to assure that these methods do not distort the important 

contents of the ECG signals and consequently impact the reconstructed inverse 

solution. 

 

Previously, several studies have investigated the effect of adding different levels of 

Gaussian noise on the reconstructed potential distribution on the heart [14–16]. Root 

mean square error was used as a metric for quantifying the effect of adding this noise. 

It has been seen that the RMSE increases with the increasing in the level of Gaussian 

noise. More studies that validate these results using other metrics and other features of 

the reconstructed electrical activities are needed. In addition, these previous studies did 

not come across the impact of adding different levels of baseline wander on the 

accuracy of the reconstructed ECGI features.  

 

Furthermore, few studies have investigated the impact of ECG filtering techniques on 

the inverse reconstruction of cardiac electrical activity. One such study has focused on 

testing the effect of removal of different types of ECG noise such as baseline wander 

noise, and high frequency noise on the inverse solution. The filtering process was 

divided into two stages: one for removing high frequency noise using 6 different filters, 

and the next for removing the baseline drift using four filters. The filtered signals were 

generated using different combinations of these filters. It was shown that Baseline drift 
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removal improved the amplitude of the reconstructed EGMs. However, high frequency 

noise removal improved the computed activation time [17]. Another study was 

performed on data obtained from a Bordeaux torso-tank experiment which showed that 

filtering the ECG signals according to international standards for diagnostic ECG 

devices improved the reconstructed cardiac electrical activities [18]. A recent study 

followed almost the same methodology shown in [17] but studied more data from two 

different experimental setups of torso-tank experiments [19]. It has been shown that the 

removal of baseline wander improves the inverse reconstruction due to the 

improvement in the selected lambda values. It was also concluded that the removal of 

torso high frequency noise did not make a significant impact on the accuracies of the 

reconstructed electrograms (EGMs) but impacted the features extracted from them [19]. 

This led them to recommend that high frequency removal should be performed as a 

post-reconstruction step [19].  

 

International standards for diagnostic ECG devices recommend using a 150 Hz high 

frequency digital filter cut-off [20]. However, a 40 Hz cut-off frequency is 

recommended for monitoring ECG devices [20].  In this study, the effect of using 

different filters that comply with international standards for diagnostic ECG devices 

(150 Hz cut-off) and for monitoring ECG devices (40 Hz cut-off) on ECGI was 

investigated. The effect of applying extensive low pass filtering (30 Hz cut-off) on the 

inverse reconstruction of cardiac electrical activity has also been investigated. The 

datasets used in this study were obtained from a Utah torso-tank experiment where the 

heart was paced from 5 different locations. This study will also look over the impact of 

adding synthetic baseline wander noise or synthetic white noise to the recorded torso 

ECG signals on ECGI. 

 

3.2 Methods 

3.2.1 Dataset 

 

The dataset used in this study was obtained using a torso-tank experiment described in 

[21]. Briefly, the dataset consists of signals recorded simultaneously (1000 Hz sampling 

frequency) from 192 torso-tank electrodes and 247 sock electrodes using a perfused, 

isolated canine heart suspended in a human-shaped torso-tank filled with an electrolyte 
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solution. The experimental set-up and protocol were described in detail in [21]. Briefly, 

the experiment described was performed under deep anaesthesia using procedures 

approved by the Institutional Animal Care and Use Committee of the University of 

Utah and conformed to the Guide for the Care and Use of Laboratory Animals.  A 

canine heart was excised and mounted to Langendorff's setup. It was then perfused 

using a mixture of whole blood and Tyrode’s solution. Arterial blood was supplied from 

a second canine under deep anaesthesia. The venous blood was extracted from the right 

ventricle of the isolated heart and pumped into the jugular vein of the support dog. A 

tank shaped like a human torso was filled with an electrolytic solution (500 Ω.cm) and 

the isolated, perfused canine heart was suspended in it. The dataset consists of signals 

recorded simultaneously from 192 torso-tank electrodes (with inter-electrode spacing 

40.2 ± 16.8mm) and 247 epicardial sock electrodes (inter-electrode spacing 6.5 ± 1.3 

mm). For this study, the data recorded when the heart was paced from 5 different 

locations:  left ventricular (LV)-base, LV-apex, LV-septum, LV-free wall, and right 

ventricular (RV) from a series of intramural plunge needles was used. The epicardial, 

and torso-tank electrodes were referenced to a Wilson’s Central Terminal and were 

sampled at 1000 Hz simultaneously for five seconds during pacing. MRI was used to 

generate the heart-torso geometries [21]. 

3.2.2 ECG signal processing 

 

Beat segmentation was performed using the Preprocessing Framework for 

Electrograms Intermittently Fiducialized from Experimental Recordings (PFEIFER) to 

determine the start and end of each beat as well as the start and end of the QRS complex 

[22]. The reason for selecting PFEIFER for this task is that this software is an open-

source software that can efficiently determine beat fiducial points from multi leads ECG 

recordings. The 192 torso signals were then filtered using three filtering protocols: in 

the first filtering protocol, a filter that complies with international standards for 

diagnostic ECG devices (FD), described as a band-pass digital filter (0.5 - 150 Hz) and 

followed by a second order IIR notch filter at 60 and 120 Hz was used. The second 

filtering protocol, a filter that complies with international standards for monitoring ECG 

devices characterized as a band-pass filter (0.5 - 40 Hz) was used. This filter is a fifth 

order Butterworth filter. The third filtering protocol is to apply an extensive filtering 

with a bandwidth of (0.5 – 30 Hz). This filter is also a fifth order Butterworth filter. For 
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these previously described filters, a zero-phase response was achieved by using a 

MATLAB function (filtfilt).   

 

A realistic ECG noise generator package was used to generate noises such as baseline 

wander and high frequency noise. The generated baseline wander noise to the original 

signal to explore the effect of adding this noise on the ECGI reconstructed signals was 

added. Three levels of baseline wander noise (mild, moderate, and severe) were 

generated and added to the original signals. The resulting signals were named as follow: 

BW_M, BW_MO, BW_S. To explore the effect of higher levels of high frequency noise 

on the calculated epicardial potentials, three levels of white noise were added to the 

original torso signals resulting in the following signals: WN_M, WN_MO, and WN_S. 

 

Filtering the original torso signals or adding noise to them resulted in 9 different types 

of signals named as follows: no filtering (NF), filtered according to international 

standards for diagnostic ECG devices (FD), filtered according to international standards 

for monitoring ECG devices (FM), original signal with the addition of mild baseline 

wander (BW_M), original signal with the addition of moderate baseline wander 

(BW_MO), original signal with the addition of severe baseline wander (BW_S), 

original signal with the addition of mild white noise (WN_M), original signal with the 

addition of moderate white noise (WN_MO), and original signal with the addition of 

severe white noise (WN_S). 

3.2.3 Inverse reconstruction of cardiac electrical activity 

 

Solving the inverse problem of electrocardiography can be performed by firstly creating 

a model that finds the relationship between the epicardial potentials and torso potentials. 

Considering the setup as presented in Figure 3.1: S0 represents the torso surface and S1 

represents the heart surface. The volume V0 bounded by S0 and S1 represents the 

passive volume conductor. However, the volume V1 bounded by S1 represents the 

Active tissue that generates the electrical field.  The origin of the electrical field is the 

active tissue V1 only. All other sources in the volume conductor V0 are neglected. 
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Figure 3.1 Simplified representation of the physical model showing the source of 

electrical potentials and the volume conductor. 

 

Given the torso electrical potentials and the heart-torso geometry, the epicardial 

electrical potentials were estimated. The boundary element method [23] that computes 

the transfer coefficients (Forward Matrix) which relate the body surface potential 

distributions to the epicardial potential distributions based on the measurement of the 

heart-torso geometries was used [24]. This allows us to calculate the body surface 

potentials from the epicardial potentials which is known as the forward problem. 

 

𝑉𝑡𝑜𝑟𝑠𝑜 = 𝐴 ∗  𝑉𝑒𝑝𝑖               (3.1) 

 

𝑉𝑡𝑜𝑟𝑠𝑜  : is a vector of recorded torso potentials. 

𝑉𝑒𝑝𝑖     : is a vector of unknown epicardial potentials.  

𝐴         : is the forward matrix. 

 

Computing epicardial potentials from the potential measurements on the torso is the 

goal.  This can be achieved by solving the inverse problem. However, the inverse 

problem is ill-posed which means that any small noise in the measurement can 
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potentially be amplified in the solution. This can be overcome by regularization. A zero-

order Tikhonov regularization that regularizes the solution was used [25]. 

 

min
𝑉𝑒𝑝𝑖

[ǁ𝐴𝑉𝑒𝑝𝑖 − 𝑉𝑡𝑜𝑟𝑠𝑜ǁ
2  +  𝜆ǁ𝑉𝑒𝑝𝑖ǁ

2]           (3.2) 

 

Where λ is the regularization parameter calculated using the L-curve which is a log-log 

plot of the regularized solution norm versus the corresponding residual norm. 

3.2.4 Methods of Comparison 

 

The performance of the two filtering methods and the impact of adding baseline wander 

or high frequency noise were assessed by comparing the reconstructed electrograms 

with the recorded electrograms using Pearson’s correlation coefficient. 

 

𝐶𝐶 = 
∑ (𝑉𝑖

𝑚 − 𝑉𝑚̅̅ ̅̅ )(𝑉𝑖
𝑐 − 𝑉𝑐̅̅̅̅ )𝑛

𝑖=1

√∑ (𝑉𝑖
𝑚 − 𝑉𝑚̅̅ ̅̅ )2𝑛

𝑖=1 ∑ (𝑉𝑖
𝑐 − 𝑉𝑐̅̅̅̅ )2𝑛

𝑖=1

                  (3.3) 

 

Where: 

n     represents the number of temporal samples in the electrogram. 

𝑉𝑖
𝑚  denotes the measured potentials of the ith sample.  

𝑉𝑚̅̅ ̅̅   denotes the average measured potential over all samples.  

𝑉𝑖
𝑐   indicates the calculated potentials of the ith sample.  

𝑉𝑐̅̅̅̅    indicates the average calculated potential over all samples. 

 

The ground truth activation times (ATT) were computed using the temporal approach 

which defines the activation time as the moment of steepest voltage downslope. 

However, the spatiotemporal approach, that realizes that the activation times are not 

only dependent on the temporal signals but also on the spatial gradient of potentials 

between neighbouring nodes, was used to compute the activation times from the 

reconstructed EGMs (ATR) [26, 27]. Following that, ATT and ATR were compared 

using Pearson's correlation coefficient. 
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3.2.5 Statistical analysis 

Data are expressed as median [lower quartile, upper quartile] unless otherwise stated. 

Comparisons between different methods of processing were performed using 1-way 

ANOVA with p < 0.05 defined as significant. 

 

3.3 Results 

3.3.1 Electrograms (EGMs) 

 

 

 

Figure 3.2 Median of correlation coefficient (CC) for all Utah datasets when torso 

signals were filtered as follow: NF: No filtering, FD: Filtered according to 

international standards for diagnostic ECG devices, FM: Filtered according to 

international standards for monitoring ECG devices. EF: extensive low pass filtering 

at 30 Hz. 

 

 

The values of the median of correlation coefficient (CC) in Figure 3.2 illustrated that 

there is no significant change in the reconstructed EGMs using NF, FD, and FM torso 

signals. The differences in the median CC values do not exceed 0.02. However, when 

the true EGMs with the reconstructed EGMs was compared as shown in Figure 3.3, it 

can be seen that there are some differences on the reconstructed electrograms depending 

on the type of filtering used. It can be seen from looking at Figure 3.3 that undesired 

waves have been introduced in the baseline of the EGMs calculated using FM or FE 
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due to filtering. These undesired waves could have a clinical implication when they 

have a higher slope. They might be recognized as the time of activation if they have a 

higher slope than the true part of the EGM that should be recognized as the time of 

activation. In addition, it is noticed that FM or FE caused a change in the QRS complex 

of the calculated EGMs by making it smoother, wider, and lower in amplitude as shown 

in Figure 3.3. The reconstructed EGMs using NF signals were comparable to the 

reconstructed EGMs using FD. This is because the lab recorded experimental Utah 

dataset does not exhibit the levels of noise as can be seen in data recorded in the real 

clinical setting. The impact of a more severe noise, whether it is baseline wander or 

high frequency noise, has been investigated when a simulated noise is added to the 

original signal. 

 

 

Figure 3.3 Each subplot shows the comparison between the measured EGM and 

computed EGM (Utah 1, two examples). The computed EGMs resulted after processing 

the torso signals as follows: NF, FD, FM, EF. 
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Adding baseline wander to the original signal resulted in a decrease in the median of 

CC values as the level of BW noise increases from mild to severe. The values of the 

median CC in Utah 1 were 0.860 [0.858, 0.861], 0.81 [0.797, 0.827], 0.785 [0.773, 

0.790], and 0.76 [0.739, 0.772] for original, mild BW, Medium BW, and Severe BW, 

respectively. The same trend was noticed in the other Utah datasets as can be seen in 

Figure 3.4. This means that baseline wander noise can have a significant impact on the 

reconstructed EGMs.  Figure 3.5 shows an example of how increasing the level of 

baseline wander can impact the reconstructed EGMs. Increasing the BW noise in the 

torso signals changes the morphology of the reconstructed EGMs. In addition, it makes 

the reconstructed EGMs much smoother and smaller in amplitude than the one 

reconstructed using the signals where baseline wander is not present.  This significant 

change in the morphology and amplitude of the EGMs can be attributed to the increase 

of the regularization parameter (λ) as the level of baseline wander was increased. 

 

Figure 3.6 shows that filtering the baseline wander noise significantly improves the 

reconstructed EGMs in all Utah datasets except Utah 5. Looking at Figure 3.4 and 

Figure 3.6 shows that applying the filtering techniques to the signals with sever baseline 

wander noise did not result in an inverse solution as good as the inverse solution 

resulted when using the signals before adding the baseline wander noise. For example, 

in Utah 1, the median CC of EGMs was approximately 0.86 before adding severe BW. 

While the median CC of EGMs was approximately 0.82 after applying FD filter to the 

ECG signals corrupted with severe baseline wander. This means that applying the 

filtering techniques did not eliminate the whole noise in the signal or it eliminated some 

contents of the ECG signals. 
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Figure 3.4 Median of correlation coefficient (CC) for all Utah datasets when Baseline 

wander noise was added as follows, Original Signal, Mild BW, Moderate BW, and 

Severe BW 

. 

 

 

Figure 03.5 Each subplot shows the comparison between the measured EGM and 

computed EGM (Utah 2). The computed EGMs resulted after adding Baseline wander 

noise as follows, Original Signal, Mild BW, Moderate BW, and Sever BW. 
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Figure 3.06 Median of correlation coefficient (CC) for all Utah datasets when the 

signals were filtered using FD, FM, EF as compared to NF. The NF signals in this 

figure are the original signals with severe BW added. 

 

 

 

 

Figure 3.7 Median of correlation coefficient (CC) for all Utah datasets when White 

noise was added as follows, Original, Mild WN, Moderate WN, and Severe WN. 
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Figure 3.8 Each subplot shows the comparison between the measured EGM and 

computed EGM (Utah 3). The computed EGMs resulted after adding Baseline wander 

noise as follows, Original Signal, Mild WN, Moderate WN, and Severe WN. 

 

Figure 3.7 and 3.8 shows how adding white noise to the original torso signals has a 

different impact than that of adding baseline wander. The morphology of the 

reconstructed EGMs did not change as the level of white noise was increased. The 

reason behind this is that the regularization parameter (λ) did not change significantly 

when adding WN. However, it is noticed an increase in the level of WN in the 

reconstructed EGMs as the level of added WN to the original torso signals was 

increased. This increase in the level of WN in the reconstructed EGMs caused the 

figures for the median of CC to become 0.860 [0.858, 0.861], 0.856 [0.855, 0.859], 

0.833 [0.829, 0.839], and 0.823 [0.820, 0.829] in Utah 1 for original, Mild WN, 

Medium WN, Severe WN categories. The same trend has been seen in the other Utah 

datasets. 
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Figure 03.9 Median of correlation coefficient (CC) for all Utah datasets when the 

signals were filtered using FD, FM, EF as compared to NF. The NF signals in this 

figure are the original signals with severe WN added. 

 

Figure 3.9 shows that applying the filtering techniques to the ECG signals corrupted 

with severe WN improved the inverse reconstruction in all Utah datasets except Utah 

5. But the inverse solution resulted from the original signals before adding the severe 

WN was better than the inverse solution resulted when the filtering techniques were 

applied on the signals corrupted with severe WN. This means that the filtering methods 

did not remove all the noise in the signals and/or removed some contents of the ECG 

signals. 

 

3.3.2 Activation time (AT) 

 

Filtering torso signals (FD, FM, and EF) caused a slight change in the median of CC of 

AT as shown in Figure 3.10. In Utah 1 and Utah 5, NF signals resulted in a better CC 

of AT than that achieved when using FD, FM, or EF. This does not imply that filtering 

torso signals is not needed, but this is because experimental Utah datasets do not contain 

that level of noise that can be seen in the clinical practice. So, later in this section the 

effect of adding BW or WN to the original signal on the reconstructed AT is 

investigated. In all Utah datasets and using all methods of filtering, the median of CC 

of AT was above 0.84. There is no significant change in the AT when any method of 

filtering was used. Although filtering the signals did not cause a significant impact on 
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the AT in these cases, this could happen if inappropriate filtering causes a severe change 

in the baseline of the reconstructed EGM. An example of this change is shown in Figure 

3.3, but this change is still acceptable and did not cause a significant change in AT. 

 

BW noise addition caused a significant impact on the reconstructed AT as shown in 

Figure 3.11. The values of the median of CC of AT in Utah 1 were 0.911 [0.910, 0.912], 

0.708 [0.044, 0.908], 0.575 [-0.132, 0.844], and 0.479 [-0.333, 0.746] for Original, Mild 

BW, Medium BW, and Severe BW, respectively. The values for other Utah datasets 

followed the same path (Figure 3.11). However, the addition of WN to the original 

signals did not cause a substantial impact on the computed AT (Figure 3.12). The values 

of the median of CC of AT in Utah 1 were 0.911 [0.910, 0.912], 0.912 [0.909, 0.914], 

0.902 [0.899, 0.911], and 0.902 [0.896, 0.907] for Original, Mild WN, Medium WN, 

and Severe WN, respectively. The smoothing effect of the spatiotemporal method 

reduced the differences between the computed activation times when different levels of 

WN were introduced.  

 

 

Figure 03.10 Correlation coefficient (CC) of AT for all Utah datasets when torso 

signals were filtered as follows: NF: No filtering, FD: Filtered according to 

international standards for diagnostic ECG devices, FM: Filtered according to 

international standards for monitoring ECG devices. EF: extensive low pass filtering 

at 30 HZ. 
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Figure 03.11 Correlation coefficient (CC) of AT for all Utah datasets when Baseline 

wander noise was added as follows, Original Signal, Mild BW, Moderate BW, and 

Severe BW. 

 

 

 

 

Figure 3.12 Correlation coefficient (CC) of AT for all Utah datasets when White noise 

was added as follows, Original, Mild WN, Moderate WN, and Severe WN. 
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3.3.3 Potential maps 

 

When applying a filter that has characteristics in accordance with international 

standards for diagnostic ECG devices (FD), the correlation coefficient of potential maps 

increased in some datasets such as Utah 1 and decreased in others such as Utah 5 as 

shown in Figure 3.13. Adding BW noise to the original signals significantly decreased 

the CC of potential maps. The figures were 0.72, 0.45, 0.39, and 0.82 for original, Mild 

BW, Medium BW, and Severe BW, respectively. The same trend was observed in other 

Utah datasets as presented in Figure 3.14. 

 

The CC of potential maps was also affected severely by the addition of BW noise as 

compared to the addition of WN. The values of median of CC of Utah 1 were 0.720 

[0.717, 0.730], 0.477 [0.260, 0.583], 0.506 [0.120, 0.537], and 0.416 [-0.011, 0.492] for 

original, Mild BW, Medium BW, and Severe BW, respectively. However, these figures 

decreased slightly after the addition of WN as shown in Figure 3.15. The same trend 

was noticed in other Utah datasets. 

 

 

Figure 3.13 Correlation coefficient (CC) of potential maps for all Utah datasets when 

torso signals were filtered as follows: NF: No filtering, FD: Filtered according to 

international standards for diagnostic ECG devices, FM: Filtered according to 
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international standards for monitoring ECG devices. EF: extensive low pass filtering 

at 30 HZ. 

 

 

 

Figure 03.14 Correlation coefficient (CC) of potential maps for all Utah datasets when 

Baseline wander noise was added as follows, Original Signal, Mild BW, Moderate BW, 

and Severe BW. 

 

 

 

 

Figure 3.15 Correlation coefficient (CC) of potential maps for all Utah datasets when 

Baseline wander noise was added as follows, Original Signal, Mild WN, Moderate WN, 

and Severe WN. 
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3.4 Discussion 

 

In this study, the impact of filtering torso ECG signals on the ECGI using three types 

of filters: firstly, a filter that complies with international standards for diagnostics ECG 

devices (FD: 0.5 – 150 Hz, notched at 60 and 120 Hz) was evaluated [20]. Secondly, a 

filter that complies with international standards for Monitoring ECG devices (FM: 0.5 

– 40 Hz) [20]. Thirdly, a filter that has a bandwidth of 0.5 – 30 Hz causing an extensive 

removal of noise but also with some contents of the ECG signals above 30 Hz (EF). 

Although the recommendation of AHA is to use a filter with low frequency cut-off at 

0.05, but recent studies has shown that this frequency could be relaxed to 0.5 Hz when 

using digital filters with zero phase shift [28]. One of the main differences between 

filtered signals using the three filters, is that FM and EF caused an undesired wave 

before the start and after the end of the QRS complex of the ECG signals which has not 

been seen when using FD. This is because these parts of ECG signals represent sudden 

changes in amplitude and slope of the signal and consequently contain high frequency 

contents which would be removed when using FM and EF. This effect on the ECG 

signals was reflected on the reconstructed EGMs leading to undesired waves on them 

as shown if Figure 3.3. Another important difference is that the FM and EF signals and 

consequently their corresponding EGMs has smoother peaks and lower in amplitude as 

compared to the FD or NF signals. This attenuation in the QRS of torso ECG signals 

when using a reduced high frequency cut-off at 40 Hz has been shown in many previous 

studies [29, 30]. The corresponding attenuation in the peaks of the EGMs is in 

consistent with previous preliminary studies performed by the signal processing 

workgroup within the consortium for ECGI. In these studies, the effect of several types 

of low pass filters or high pass filters or a combination of both were studied on one 

experimental data (Bordeaux dataset) [17][31][32]. In our study, a different approach 

by considering filters that were commonly used for ECG filtering and comply with 

international standards were followed. In addition, this method was applied on 5 Utah 

datasets that were paced from 5 different locations. 

 

Looking at the results shows that NF performed best or at least similar to FD, FM, or 

EF. This can be attributed to that the Utah experimental data does not have a significant 
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amount of noise especially baseline wander which is not the case sometimes in the 

clinical practice. So, this does not imply that torso signals should not be filtered before 

the inverse reconstruction. One way to investigate the effect of a higher level of noise 

in the signal on the inverse reconstruction of cardiac electrical activities is to add 

simulated high frequency noise or baseline wander noise to the original torso signals 

from the five Utah datasets and examine the impact of this addition on the ECGI. It was 

noticed that adding baseline wander noise had a significant impact on the reconstructed 

cardiac electrical activities namely: EGMs, potential maps, and activation maps. The 

reason behind this is that as the level of baseline wander was increased, the 

regularisation parameter (λ) increases, imposing a higher smoothness on the inverse 

solution and consequently changing the morphology of the reconstructed EGMs. In a 

previous study, it has been shown that baseline wander in the torso signals resulted in 

a 5-fold increase in lambda values as compared to that resulted after removing the 

baseline wander [19]. This significant change in lambda values has its significant 

implication on the reconstructed cardiac electrical activity. It imposes a high degree of 

smoothness that can hide important features of EGMs and change their morphology and 

consequently the corresponding potential maps, and activation maps. 

 

Although adding WN to the torso original signals caused a reduction in the median of 

CC values of EGMs, the topology of the reconstructed EGMs remained the same. This 

explains the insignificant change in the reconstructed potential maps and AT maps.  

However, the reconstruction was noisier, and the torso high frequency noise was seen 

in the reconstructed EGMs. This is because that high frequency noise caused a slight 

change in lambda values which was much lower than the change in lambda values that 

have been seen when adding BW. It was surprising that the addition of WN did not 

make any significant impact on the computed AT. This is because of the smoothing 

effect of the spatiotemporal method that has been used to calculate the AT from EGMs. 

This method was described and used previously in [26, 33]. 

 

Previous study performed by Bear et al. studied the impact of different filtering 

techniques on the inverse reconstruction of cardiac electrical activity [19]. The results 

of this chapter of the thesis are in agreement with the findings of Bear’s study in terms 

of that the baseline wander noise has a significant effect on the reconstructed ECGI 

parameters. This impact is clearly seen in the change of the morphology of the 
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reconstructed EGMs and the activation times derived from them. In addition, the high 

frequency noise including the line frequency noise did not cause a change in the 

morphology of the reconstructed EGMs or the activation times derived from them but 

resulted in EGMs contaminated with high frequency noise as a response to the high 

frequency noise in the surface ECG recordings. There are several differences between 

this study and Bear’s study. Firstly, this study used a generated baseline wander and 

Gaussian noise that were added with different levels to the recorded surface ECGs 

before computing the inverse solution. Secondly, different filtering approaches which 

was carefully designed to comply with international standard for ECG diagnostic or 

monitoring devices were used in this study. Thirdly, this study recommends using a 

filter that complies with international standard for diagnostic ECG devices for filtering 

the surface ECG signals for ECGI applications.  

 

3.5 Conclusions 

 

Filtering the body surface ECG signals at 40 Hz or 30 Hz smooths the peaks of the 

computed electrograms and reduces their amplitude and makes their duration wider. 

Furthermore, adding baseline wander noise to the body surface signals significantly 

changes the morphology of the computed electrograms and impacts the potential maps 

and activation times extracted from them. In contrast, adding WN did not change the 

morphology of the computed electrograms, but it caused the reconstructed electrograms 

to be noisier.  
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Chapter 4 

Novel Hybrid Method for Interpolating Missing 

Information in Body Surface Potential Maps  

 

4.1 Introduction 

 

The standard 12-lead ECG has, for decades, been one of the primary non-invasive 

modalities for assessing cardiac arrhythmias. Motivated by the limited amount of 

information acquired by the 12-lead ECG, researchers have also explored increasing 

the number of recording electrodes to record body surface potential maps [1]. Studies 

have reported how BSPM improves the detection of MI [2] and identification the site 

of origin of cardiac arrhythmia [3]. In addition, BSPM is an essential part of ECG 

imaging (ECGI) [4]. 

 

Recording of the body surface potential maps, with numbers of electrodes often 

exceeding 100, is more challenging than recording the 12-lead ECG.  The application 

of these large numbers of electrodes is difficult in the clinical practice. Management of 

so many recording channels and intentional altering of electrode positions to facilitate 

other devices such as defibrillation pads or Carto patches also often results in corrupt 

recordings and missing data in the BSPM. This adversely impacts the diagnostic value 

of BSPM. In addition, it has a detrimental effect on the generation of epicardial surface 

potential, electrograms, and activation times via ECGI [5].  Several interpolation 

methods including Laplacian interpolation, Inverse-forward interpolation, spline 

interpolation, and local barycentric have been proposed in the literature to resolve this 

issue [5]. In this paper, a novel hybrid Laplacian-PCA interpolation that employs the 

advantages of both Laplacian interpolation and principal component analysis (PCA) to 

interpolate the missing data in BSPMs was developed.   
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The Laplacian interpolation of body surface potential maps was firstly introduced by 

Oostendorp 𝑒𝑡 𝑎𝑙. [6]. It is based on computing the unknown potentials from the known 

potentials by minimizing the Laplacian of potential function at all points of the body 

surface [6]. This method has been used previously to standardize body surface potential 

data from different research centres [7][8]. It has also been investigated to study the 

impact of interpolating the unknown potentials on the inverse problem of 

electrocardiography [5][9]. The hybrid interpolation method combines Laplacian 

interpolation and principal component analysis (PCA) interpolation [10]. Principal 

component analysis (PCA) was previously used for temporal and spatial compression 

of BSPM [11][12]. In this study, PCA method will be used as a part of the hybrid 

interpolation scheme [10]. 

 

4.2  Methods 

4.2.1 Datasets 

 

The original recording of this dataset was undertaken at Dalhousie University, Halifax, 

Nova Scotia [13]. It has been investigated in several studies in the literature including 

[14][15][16]. The dataset used consisted of 117 lead body surface potential maps 

recorded from 744 subjects. The patient population consists of 229 normal subjects, 

278 subjects with old myocardial infarction (MI), and 237 subjects with left ventricular 

hypertrophy (LVH). BSPMs were recorded for all subjects. Digitized ECG signals were 

recorded simultaneously from 117 recording sites on the anterior and posterior portion 

of the subject’s torso (Figure 4.1) with reference to Wilson’s central terminal and at a 

sampling rate of 500 samples/second/channel. Offline signal processing was performed. 

Ectopic beats and artifacts were identified visually and then rejected. Baseline drift was 

corrected. All ECG leads corrupted with excessive intolerable noise were deleted and 

replaced by interpolated data from the surrounding leads. At each recording site, 15 

seconds of ECG recording were selectively averaged using linear averaging. This 

resulted in one cardiac cycle per site for each subject’s recording [2][3]. Each cardiac 

cycle was divided into 4 segments: P, PR, QRS, and STT. For this study, the whole beat 

comprised of the 4 segments data was considered for analysis. The dataset of the 744 

subjects was separated into training set and testing set. The training set consisted of data 
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recorded from 384 subjects (109 normal subject, 258 subjects with old MI, 117 subjects 

with LVH). The remaining 360 subjects (120 normal subjects, 120 subjects with old 

MI, 120 subjects with LVH) was held out for testing (testing set). 

 

 

Figure 4.1 The anterior and posterior views of the body surface showing the location 

of the recording electrodes as pink circles. 

 

4.2.2 Configuration of the missed leads 

 

In order to test the performance of different interpolation methods, the effects of 

removing some of the recorded electrodes was simulated. Specifically, the possibility 

to calculate potential values at the simulated missed leads from the measured potential 

values at the surrounding leads was assessed. The configuration of the simulated missed 

leads was chosen to simulate the commonly missed leads in the clinical practice. Five 

configurations of the missed leads were used: ML1: defibrillation pad 1, ML2: 

defibrillation pad 2, ML3: Carto electrodes, ML4: Torso sides, ML5: Combination of 

ML2, ML3, and ML4 (Figure 4.2). 

 

 

 



Novel Hybrid Method for Interpolating Missing Information in Body Surface Potential Maps 

___________________________________________________________________________________ 

___________________________________________________________________________________ 

Page 82 

 

Figure 4.2 Configuration of the missed leads on the body surface. ML1 to ML5 simulate 

the common missed leads in the clinical practice. 

 

 

4.2.3 Interpolation methods 

 

Three methods of interpolation were used: 1. Laplacian interpolation [17] 2. PCA 

interpolation [18] [19] 3. Hybrid interpolation [10]. 

 

Laplacian interpolation: This method was introduced previously in [17]. Let us start by 

explaining how the Laplacian of potential can be derived for a regular rectangular mesh 

(square mesh). A regular rectangular mesh is a mesh where each centred point is 

surrounded by 4 direct neighbour points distributed at the same distance d and at regular 

angles (θ) as shown in Figure 4.3. The points 𝑃1  : (X1, Y1), 𝑃2 : (X2, Y2), 𝑃3 : (X3, 

Y3), 𝑃4 : (X4, Y4) are at distance d from the reference point 𝑃0 : (X0, Y0). Using Taylor 

expansion, it is possible to approximate the potential values at points 𝑃1, 𝑃2, 𝑃3, and 𝑃4 

from the known potential value at 𝑃0.  

𝑉1 ≅ 𝑉(𝑋1, 𝑌1 ) ≅ 𝑉(𝑋0 + 𝑑, 𝑌0)

= 𝑉(𝑋0, 𝑌0) + 𝑑 ∗ 𝑓𝑥(𝑋0, 𝑌0) + (
1

2
) ∗ 𝑑2 ∗ 𝑓𝑥𝑥(𝑋0, 𝑌0) 



Novel Hybrid Method for Interpolating Missing Information in Body Surface Potential Maps 

___________________________________________________________________________________ 

___________________________________________________________________________________ 

Page 83 

 

𝑉2 = 𝑉(𝑋2, 𝑌2 ) ≅ 𝑉(𝑋0, 𝑌0 + 𝑑)

= 𝑉(𝑋0, 𝑌0) + 𝑑 ∗ 𝑓𝑦(𝑋0, 𝑌0) + (
1

2
) ∗ 𝑑2 ∗ 𝑓𝑦𝑦(𝑋0, 𝑌0) 

 

𝑉3 = 𝑉(𝑋3, 𝑌3 ) ≅ 𝑉(𝑋0 − 𝑑, 𝑌0)

= 𝑉(𝑋0, 𝑌0) − 𝑑 ∗ 𝑓𝑥(𝑋0, 𝑌0) + (
1

2
) ∗ 𝑑2 ∗ 𝑓𝑥𝑥(𝑋0, 𝑌0) 

 

𝑉4 = 𝑉(𝑋4, 𝑌4 ) ≅ 𝑉(𝑋0, 𝑌0 − 𝑑)

= 𝑉(𝑋0, 𝑌0) − 𝑑 ∗ 𝑓𝑦(𝑋0, 𝑌0) + (
1

2
) ∗ 𝑑2 ∗ 𝑓𝑦𝑦(𝑋0, 𝑌0) 

 

Now, if we add these 𝑉𝑖′𝑠 we get: 

 

𝑉1 + 𝑉2 + 𝑉3 + 𝑉4 =∑𝑉𝑖

4

𝑖=1

≅ 4𝑉0 + 𝑑
2 (𝑉𝑥𝑥(𝑋0, 𝑌0) + 𝑉𝑦𝑦(𝑋0, 𝑌0)) = 4𝑉0 + 𝑑

2∆𝑉0 

If we rearrange this equation to put the Laplacian of potential at point 𝑃0 (∆𝑉0) in the 

left side of the equation, we get:  

   ∆𝑉0 ≅ (
1

𝑑2
) (∑𝑉𝑖

4

𝑖=1

− 4𝑉0)                                            (4.1) 

�̅� = 𝑎𝑣𝑒𝑟𝑎𝑔𝑒 𝑜𝑓 𝑉1… . 𝑉4 =∑𝑉𝑖

4

𝑖=1

 →  ∑𝑉𝑖

4

𝑖=1

= 4�̅� 

 ∆𝑉0 ≅ (
1

𝑑2
) (4𝑉̅̅̅̅ − 4𝑉0) = (

4

𝑑2
) (�̅� − 𝑉0)                   (4.2) 
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Figure 04.3 Regular rectangular mesh (Square mesh). All elements have equal lengths 

and are distributed at regular angles around the central point.  

 

 

 

Figure 4.04 Regular triangular mesh. P0 is surrounded by 6 points located at the same 

distance from it and are distributed at regular angles. 

 

The equation was derived using a regular rectangular mesh, but it holds true for any 

planner mesh with n points surrounding the reference point 𝑃0  as long as the length of 

all elements are the same (d is fixed), and the points 𝑃1 … 𝑃𝑛 are distributed at regular 

angles around 𝑃0 (θ = 2π/n) as shown in Figure 4.4. Hence, this equation can estimate 

the Laplacian of the potential at any point in a regular rectangular or regular triangular 

mesh from potentials at the direct neighbour points.  
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To extend this equation for an irregular triangular mesh where each direct neighbour 

point can have a different distance from the reference point 𝑃0, we need to introduce a 

simplification. We assumed that the potential V on the line between 𝑃0 and 𝑃𝑖 changes 

linearly with distance from 𝑃0. This can be expressed as in this equation:  

  
𝑉𝑖 − 𝑉0
𝑑𝑖

=
𝑉�̅� − 𝑉0

�̅�
                                         (4.3) 

Where 𝑉i  is the potential at 𝑃𝑖, 𝑉0 is the potential at 𝑃0, 𝑑𝑖 is the distance between 𝑃𝑖 

and 𝑃0, �̅� is the average of distances 𝑑1 … 𝑑𝑛, 𝑉�̅� is the potential value on the line 

between 𝑃0 and 𝑃𝑖 at the distance �̅� from 𝑃0. 

If we rearrange this equation we get:  

     𝑉�̅� = 𝑉0 +
�̅�

𝑑𝑖
 (𝑉𝑖 − 𝑉0)                              (4.4) 

Looking at Equation 4.2, it is noticed that it cannot be used for irregular triangular mesh 

because we have different distances 𝑑𝑖′𝑠 and different potentials 𝑉𝑖′𝑠 for points 𝑃𝑖′𝑠  . 

Consequently, it is needed to apply this equation using distance  �̅� instead of 𝑑 and 

potentials  𝑉�̅�′s instead of  �̅�. 

 ∆𝑉0 ≅ (
4

�̅�2
) (
1

𝑛
∑𝑉�̅�

𝑛

𝑖=1

− 𝑉0) = (
4

�̅�2
) (
1

𝑛
∑{𝑉0 +

�̅�

𝑑𝑖
 (𝑉𝑖 − 𝑉0) } 

𝑛

𝑖=1

− 𝑉0) 

                                                  ∆𝑉0

≅ (
4

�̅�
) (
1

𝑛
∑

𝑉𝑖
𝑑𝑖
 

𝑛

𝑖=1

− (
1

𝑑
)

̅̅ ̅̅ ̅
𝑉0)                                                               (4.5) 
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Figure 4.05 Rectangular mesh of the human torso. The elements do not all have the 

same length and are not distributed at regular angle around the reference point.  

 

In real life problems as in Figure 4.5, direct neighbour points are not distributed at 

regular angles around the reference point. Since the equation that accounts for irregular 

angels is very complicated, Equation 4.5 will be used for constraining the interpolation 

procedure. 

 

Consider the three-dimensional body surface with triangular mesh as shown in Figure 

4.4. The potential values at points  𝑃𝑖 , 𝑖 = 1, 𝑘 are to be calculated by interpolation, and 

those at points  𝑃𝑖, 𝑖 = 𝑘 + 1,𝑚 are known. Equation 4.5 can be used to express the 

Laplacian ∆ as a matrix L where the elements of this matrix are calculated as follows: 

 

𝑳 =

{
 
 

 
 𝑙𝑖𝑖 = −

4

𝑑�̅�
(
1

𝑑𝑖
)

̅̅ ̅̅ ̅̅
                                                                      𝑓𝑜𝑟 𝑖 = 𝑗

      𝑙𝑖𝑗 =
4

𝑑�̅�

1

𝑛𝑖

1

𝑑𝑖𝑗
              𝑓𝑜𝑟 𝑖 ≠ 𝑗, 𝑃𝑗  𝑖𝑠 𝑎 𝑑𝑖𝑟𝑒𝑐𝑡 𝑛𝑒𝑖𝑔ℎ𝑏𝑜𝑢𝑟 𝑜𝑓 𝑃𝑖      

    𝑙𝑖𝑗 = 0                   𝑓𝑜𝑟 𝑖 ≠ 𝑗, 𝑃𝑗  𝑖𝑠 𝑛𝑜𝑡 𝑎 𝑑𝑖𝑟𝑒𝑐𝑡 𝑛𝑒𝑖𝑔ℎ𝑏𝑜𝑢𝑟 𝑜𝑓 𝑃𝑖    

 

Where: 

  𝑑𝑖𝑗        is the distance between 𝑃𝑖  and 𝑃𝑗 . 

   𝑛𝑖        is the number of neighbours of 𝑃𝑖 . 

  𝑑�̅�         is the average of distances 𝑑𝑖𝑗 between point 𝑖 and its neighbours. 

(
1

𝑑𝑖
)

̅̅ ̅̅ ̅
       is the average of 1/𝑑𝑖𝑗 over the neighbours of 𝑃𝑖. 
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So, Equation 4.5 represents a system of linear equations that can be expressed in 

matrix form as follows: 

 

    [
 
(∆𝑉0)1
(∆𝑉0)2
⋮

(∆𝑉0)𝑚

]     ≅   [

𝑙11 𝑙12 … 𝑙1𝑚
𝑙21 𝑙22 … 𝑙2𝑚
⋮
𝑙𝑚1

⋮
𝑙𝑚2

⋮ ⋮
… 𝑙𝑚𝑚

 ]   [ 

𝑣1
𝑣2
⋮
𝑣𝑚

]                             (4.6)   

 

This also can be represented as follows:  

𝒑 ≅ 𝑳𝒗 

Where 𝒑 is a vector containing elements (∆𝑉0)1… (∆𝑉0)𝑚, 𝑳 is a matrix containing 

elements 𝑙11… 𝑙𝑚𝑚, and 𝒗 is a vector containing elements 𝑣1… 𝑣𝑚 .  

The vector 𝒗 can be separated into two vectors 𝒗𝒂 containing the unknown 

potentials 𝑣1… 𝑣𝐾 and 𝒗𝒃  containing the known potentials 𝑣𝑘+1… 𝑣𝑚 . Also, matrix 𝑳 

can be divided into four blocks as follows: 

𝑳 = [
𝑳𝟏𝟏 𝑳𝟏𝟐
𝑳𝟐𝟏 𝑳𝟐𝟐

] 

Consequently, Equation 4.6 can be expressed as follows: 

𝒑 ≅   [
𝑳𝟏𝟏 𝑳𝟏𝟐
𝑳𝟐𝟏 𝑳𝟐𝟐

] [ 
𝒗𝒂 
𝒗𝒃 
] 

Since we are interested in finding the solution 𝒗𝒃 that minimizes the Euclidean norm 

|𝒑|, the system of linear equations in (6) can be solved by finding the least squares 

solution to  

[ 
𝑳𝟏𝟏
𝑳𝟐𝟏

] 𝒗𝒂 = − [ 
𝑳𝟏𝟐
𝑳𝟐𝟐

]  𝒗𝒃  

Multiplying both sides by [ 
𝑳𝟏𝟏
𝑳𝟐𝟏

]
𝑇

results in 

[ 
𝑳𝟏𝟏
𝑳𝟐𝟏

]
𝑇

 [ 
𝑳𝟏𝟏
𝑳𝟐𝟏

] 𝒗𝒂 = − [ 
𝑳𝟏𝟏
𝑳𝟐𝟏

]
𝑇

[ 
𝑳𝟏𝟐
𝑳𝟐𝟐

] 𝒗𝒃 , 

Rearranging this equation allows us to compute the unknown potentials in 𝑣𝑎 from the 

known potentials in 𝑣𝑏 : 

 𝒗𝒂 = −[[ 
𝑳𝟏𝟏
𝑳𝟐𝟏

]
𝑇

 [ 
𝑳𝟏𝟏
𝑳𝟐𝟏

]]

−1

[ 
𝑳𝟏𝟏
𝑳𝟐𝟏

]
𝑇

[ 
𝑳𝟏𝟐
𝑳𝟐𝟐

]  𝒗𝒃  
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PCA interpolation: Principal component analysis (PCA), from the linear transformation 

perspective, transforms 𝑚 linearly dependent vectors (ECGs at m points on the body 

surface) into 𝑚 orthonormal independent vectors called eigenvectors (new set of 

vectors arranged in descending order from left to right according to their eigenvalues). 

The 𝑖𝑡ℎ eigenvalue represents the variation in the data in the direction of the 𝑖𝑡ℎ 

eigenvector.  

 

Let 𝑽 be an 𝑚 × 𝑛 matrix of 𝑚 variables and 𝑛 observations. This matrix can be 

represented in a matrix notation as follows:  

𝑽 = [

𝑣11 ⋯ 𝑣1𝑛
⋮ ⋱ ⋮
𝑣𝑚1 ⋯ 𝑣𝑚𝑛

] 

Where 𝑣𝑖𝑗 is a potential value recorded at electrode 𝑖 from sample 𝑗. The first step in 

the PCA method is to centre the data so that they have a mean of zero. The mean 𝜇𝑖 is 

computed for each variable as 𝜇𝑖 =
1

𝑛
∑ 𝑣𝑖𝑗
𝑛
𝑗=1 . Then, the mean 𝜇𝑖  is subtracted from 

each element in the 𝑖𝑡ℎ variable. This results in a new matrix 𝑩 where the data are 

centred around the origin. Afterward, a symmetric 𝑚 ×𝑚 covariance matrix 𝑺  is 

calculated using this equation, 𝐒 =
1

n − 1
  𝐁𝐁𝑇. Each element 𝑠𝑖𝑗 in 𝐒 represents the 

covariance between the 𝑖𝑡ℎ and  𝑗𝑡ℎ variable. The covariance between two variables 

captures the strength of relationship between them. This symmetric matrix 𝐒 can be 

orthogonally diagonalized by the spectral Theorem as 𝐒 = 𝑸𝜦𝑸𝑻, where Q contains a 

set of eigenvectors 𝒒𝟏, … , 𝒒𝒎, and 𝜦 is a diagonal matrix of the corresponding 

eigenvalues 𝜆1, … , 𝜆𝑚. The eigenvalue 𝜆𝑖 reflects the amount of variance in the data in 

the direction of the corresponding eigenvector 𝒒𝒊.  

 

Let us represent a body surface potential map that has missing data as a vector 𝑣 

containing potentials 𝑣1, … , 𝑣𝑚.The potential values are to be calculated by 

interpolation at 𝑘 points and known at  𝑚− 𝑘 points. A value of zero was assigned for 

each unknown potential. To perform PCA interpolation, we selected the first 𝑝 

eigenvectors from the matrix 𝑸 where 𝑝 < 𝑚 to form a feature matrix 𝑭 of dimension 

𝑚 × 𝑝. We then apply the PCA interpolation using the following equation: 

  𝒙 = 𝒗𝑻𝑭𝑭𝑻                                                                 (4.7) 
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where 𝒙 is a vector of the interpolated potential values, 𝒗 is a vector of the measured 

potential values, and 𝑭 is the feature matrix. Since the potential values are known at 

𝑚 − 𝑘 points, we replace the interpolated potentials at these points in 𝒙 with the 

measured potentials from 𝒗 to get the interpolated BSPM.  

 

Hybrid interpolation: The hybrid interpolation scheme is a combination of the 

Laplacian and the PCA interpolation methods. Let 𝒗 be an 𝑚 × 1 vector containing 

unknown potentials 𝑣1… 𝑣𝐾  and known potentials 𝑣𝑘+1… 𝑣𝑚 . The unknown 

potentials 𝑣1… 𝑣𝐾 were firstly calculated using the Laplacian interpolation method. 

Then, these calculated potential values were used in Equation 4.7 to replace the 

unknown potentials in 𝒗. Afterward, the vector 𝒙 was calculated using Equation 4.7 

where the vector 𝒗 contained the Laplacian interpolated potentials instead of zeros for 

the unknown potentials. Since the potential values are known at 𝑚 − 𝑘 points, we 

replace the interpolated potentials at these points in 𝒙 with the measured potentials from 

𝒗 to get the interpolated BSPM [10].  

 

4.2.4 Methods of comparison 

 

The performance of each method (Laplacian interpolation, PCA interpolation, Hybrid 

interpolation) was assessed by comparing the interpolated ECGs with the recorded 

ECGs and the interpolated BSPM with the recorded BSPM using two independent and 

widely used metrics; Pearson’s correlation coefficient (CC) and root mean square error 

(RMSE) defined as shown in Equation 4.8 and 4.9. 

  𝐶𝐶 =  
∑ (𝑉𝑖

𝑚 − 𝑉𝑚̅̅ ̅̅ )(𝑉𝑖
𝑐 − 𝑉𝑐̅̅̅̅ )𝑛

𝑖=1

√∑ (𝑉𝑖
𝑚 − 𝑉𝑚̅̅ ̅̅ )2𝑛

𝑖=1 ∑ (𝑉𝑖
𝑐 − 𝑉𝑐̅̅̅̅ )2𝑛

𝑖=1

                                 (4.8) 

 𝑅𝑀𝑆𝐸 =  √
∑ (𝑉𝑖

𝑚 − 𝑉𝑖
𝑐)2𝑛

𝑖=1

𝑛
                                                          (4.9) 

Where: 

n     represents the number of samples in the ECG or BSPM. 

𝑉𝑖
𝑚 denotes the measured potentials of the  𝑖𝑡ℎ sample. 

𝑉𝑚̅̅ ̅̅  denotes the average measured potential over all samples. 

𝑉𝑖
𝑐  indicates the calculated potentials of the  𝑖𝑡ℎ sample. 
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𝑉𝑐̅̅̅̅   indicates the average calculated potential over all samples. 

 

4.2.5 Statistical analysis 

 

The values of ECG median CC, ECG median RMSE, BSPM median CC, and BSPM 

median CC across all beats are expressed as median [lower quartile - upper quartile]. 

Comparisons between each two methods of interpolation dataset were performed using 

student t-test with p < 0.05 defined as significant. 

 

4.3 Results 

 

First, the performance of PCA interpolation and the hybrid interpolation was assessed 

as the number of eigenvectors in the feature matrix 𝑭 for the five missed lead 

configurations ML1, ML2, ML3, ML4, and ML5 was increased. Figure 4.6 presents 

the median CC between the recorded and interpolated ECGs. Median CC values were 

among the highest when 6 eigenvectors were used. Although selecting 9 eigenvectors 

resulted in a higher ECG median CC in some of the missed leads configurations, this 

case did not hold true for the rest of the configurations. When considering BSPM 

median CC as a metric of interest in Figure 4.7, apart from ML3 and ML4 where the 6 

and 9 eigenvectors performed equally well, selecting 6 eigenvectors performed better 

than other numbers of eigenvectors in the other scenarios. In general, selecting 6 

eigenvectors is the best choice for PCA interpolation when considering all lead 

configurations and the two metrics. Similarly, Figure 4.8 and Figure 4.9 show the 

change in ECG median CC and BSPM median CC for the hybrid interpolation as the 

number of eigenvectors were increased. It is shown that these metrics increased until 9 

eigenvectors were selected, and then plateaued after that, although it can be seen that 

there is a slight decrease in these values when more than 12 eigenvectors were selected 

in ML5. 
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Figure 4.06 Median CC between the recorded and interpolated ECGs using PCA 

interpolation for each of the missed lead configuration. For each missed lead 

configuration, eigenvectors between 3 and 24 were chosen in the PCA interpolation 

method. 

 

 

 

Figure 4.07 Median CC between the recorded and interpolated BSPMs using PCA 

interpolation for each of the missed lead configuration. For each missed lead 

configuration, eigenvectors between 3 and 24 were chosen in the PCA interpolation 

method. 
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Figure 4.08 Median CC between the recorded and interpolated ECGs using hybrid 

interpolation for each of the missed lead configurations. For each missed lead 

configuration, eigenvectors between 3 and 24 were chosen in the hybrid interpolation 

method. 

 

 

 

Figure 04.09 Median CC between the recorded and interpolated BSPMs using hybrid 

interpolation for each of the missed lead configurations. For each missed lead 

configuration, eigenvectors between 3 and 24 were chosen in the hybrid interpolation 

method. 
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Three methods of interpolation; Laplacian interpolation, PCA interpolation (6 

eigenvectors), and hybrid interpolation (15 eigenvectors) were compared in terms of 4 

metrics; ECG median CC, ECG median RMSE, BSPM median CC, and BSPM median 

RMSE. The ECG median CC results for the three interpolation methods are shown in 

Figure 4.10. When the hybrid interpolation was used, the values were 0.992 [0.988 – 

0.996], 0.993 [0.987 – 0.996], 0.996 [0.994 – 0.997], 0.993 [0.989 – 0.996], and 0.986 

[0.98 – 0.991] for ML1 to ML5, respectively. In contrast, these values were 0.979 

[0.963 – 0.99], 0.976 [0.956 – 0.987], 0.996 [0.994 – 0.998], 0.991 [0.984 – 0.995], and 

0.978 [0.969 – 0.986] when the Laplacian interpolation was used, and 0.977 [0.965 – 

0.985], 0.989 [0.979 – 0.993], 0.983 [0.976 – 0.988], 0.973 [0.958 – 0.983], and 0.954 

[0.935 – 0.967] when the PCA interpolation was used. The hybrid method performed 

best except for ML3 where the Laplacian interpolation performed better than the other 

methods.  

 

Figure 4.11 presents the comparison between the three interpolation methods in terms 

of ECG median RMSE. There was a significant decrease in the value of ECG median 

RMSE when the hybrid method was used as compared to when the other two methods 

were used. The greatest reduction was noticed in ML1 where the numbers went down 

from 93.84 [70.24 - 122.92] and 54.33 [40.9 - 72.08] for the PCA and Laplacian 

interpolation methods to 34.78 [25.99 – 46.12] for the hybrid interpolation method. The 

same trend was noticed for the other missed lead configurations with the lowest 

reduction was in ML3.  
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Figure 4.010 Median CC between the recorded and interpolated ECGs for each missed 

lead configuration when PCA, Laplacian, and hybrid interpolation methods were used.  

 

 

Figure 4.11 Median RMSE between the recorded and interpolated ECGs for each 

missed lead configuration when PCA, Laplacian, and hybrid interpolation methods 

were used. 

 

The performance of these interpolation methods spatially using BSPM median CC, and 

BSPM median RMSE was assessed. The superiority of the hybrid method over the other 

interpolation methods can be seen in the increase of median CC values in Figure 4.12 

and the reduction of median RMSE values in Figure 4.13. The worst results were 

noticed when the PCA interpolation was used for ML5 configuration. The values of 
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median CC and median RMSE were 0.828 [0.786 – 0.865] and 43.73 [32.28 – 58.44] 

respectively.  

 

 

Figure 04.12 Median CC between the recorded and interpolated BSPMs for each 

missed lead configuration when PCA, Laplacian, and hybrid interpolation methods 

were used. 

 

 

Figure 04.13 Median RMSE between the recorded and interpolated BSPMs for each 

missed lead configuration when PCA, Laplacian, and hybrid interpolation methods 

were used. 
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Figure 4.14 The top part of the figure shows the location of the simulated missed 

electrodes that was used as an example to show the performance of each interpolation 

method. The bottom part shows the recorded versus the interpolated ECGs using PCA, 

Laplacian, and hybrid interpolation methods at two different torso electrodes. 

 

Figure 4.14 shows examples of the recorded versus the interpolated ECG using the three 

interpolation methods. The hybrid interpolation method resulted in the best match to 

the recorded ECG in terms of morphology and amplitude in both examples. However, 

the Laplacian interpolation method resulted in a change in morphology and amplitude 

as compared to the recorded ECG. Furthermore, there was a significant change in 

morphology and amplitude when the PCA interpolation was used especially in (a).      
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Figure 4.15 The recorded BSPM at 8 𝑚𝑠 from the start of the beat versus the 

interpolated BSPM using PCA, Laplacian, and hybrid interpolation methods. Black 

dots represent the missing leads.  

 

 

Figure 4.15 presents the recorded BSPM compared to the interpolated BSPM using the 

three-interpolation methods. The hybrid interpolation method resulted in a map with 

higher correlation than when using the other interpolation methods.  The change in 

performance of different interpolation method is more apparent in the anterior view as 

compared to the posterior one. The reason behind this is that there are more electrodes 

missing in the anterior view. In addition, the change in the potential values is much 

higher in the anterior side, which makes it more difficult for these interpolation methods 

to capture these changes from the surrounding electrodes.  

 

 

4.4 Discussion 

 

Because of the high number of recording electrodes in a torso vest, detached or poorly 

connected electrodes that result in a flat or noisy ECG recording is inevitable. 

Consequently, it is necessary to fill these gaps of missing data by performing 

interpolation techniques that estimate the missing potential values from the remaining 

recorded ones. 

 

Laplacian interpolation has been used previously for this purpose [6]. It considers some 

of the physical properties that govern the distribution of the potential field on the body 
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surface by recognizing that the second spatial derivative of the potential field over the 

body surface is zero [6]. PCA based interpolation performs the interpolation by 

comparing the body surface potential map that contains some missing values with 

previously recorded one and estimates the missing values based on the similarity 

between them. This method did not perform as well as the Laplacian interpolation 

especially when the number of missing electrodes is high, which happens frequently in 

the clinical setting. A novel hybrid method was developed in this current study to obtain 

better interpolation results. In this method, the interpolation was performed in the same 

way as in the PCA method, except that the comparison between the body surface 

potential maps was performed after estimating the missing values using Laplacian 

interpolation. This employment of the two methods of interpolation resulted in a more 

accurate estimation of the missing potential values in all simulated regions of missing 

data.  

 

The interpolated ECG using the hybrid interpolation method was more similar to the 

recorded ECG than the one resulted from the Laplacian or PCA interpolation methods 

in terms of amplitude and morphology. This could be of significant value when 

computing the epicardial potential using the inverse reconstruction of cardiac electrical 

activities. The big difference in amplitude between the interpolated and recorded ECG 

can result in significantly two different inverse solutions due to the change in the 

regularization parameter (λ) value. The change in morphology can also affect the 

regularization parameter (λ) value and may impact the activation time map because of 

the change in the time of activation for the reconstructed electrograms. The 

improvement in the body surface potential maps in terms of CC and RMSE values when 

using the hybrid method may help in improving the detection of MI and identification 

the site of origin of cardiac arrhythmia, because using BSPM for this purpose was 

reported in the literature [2][3]. 

 

4.5 Conclusions 

 

The novel hybrid interpolation method performed better that PCA interpolation and 

Laplacian interpolation methods for reconstructing the lost data due to missed leads in 

BSPM recordings. The number of chosen eigenvectors affects the performance of PCA 
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and hybrid interpolation with 6 eigenvectors for PCA interpolation, and 12 – 18 

eigenvectors for the hybrid interpolation resulted in the best reconstruction.  
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Chapter 5 

The effect of interpolating low amplitude leads 

on the inverse reconstruction of cardiac 

electrical activity 

 

5.1 Introduction 

 

Body surface potential mapping (BSPM) provides a remote measure of the electrical 

activity of the heart that can provide valuable information about cardiac 

electrophysiology.  A larger number of electrodes than that used for the standard 12-

lead ECG are typically required with anything between 32 and 250 used in practical 

systems. Combined with patient-specific heart-torso geometry obtained using MRI or 

CT scans, the inverse problem is solved to provide details of electrical activity on the 

heart surface. This procedure is often referred to as electrocardiographic imaging 

(ECGI) which is effectively a non-invasive cardiac electroanatomic mapping modality 

that can reveal a range of detailed data that include epicardial electrograms, epicardial 

potentials, and activation maps. Among other things, these data can help guide catheter 

ablation therapy of ventricular arrhythmias [1][2]. 

 

The mathematically computed cardiac electrical activity is sensitive to inaccuracies in 

both heart-torso geometry and body surface potential maps [3]. In the practical setting, 

it is not uncommon for the body surface information to be disrupted due to factors that 

include noise, accidental disconnection of electrodes, or intentional altering of electrode 
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positions to facilitate other devices such as defibrillation pads or Carto patches. The 

impact of noise and different ECG signal processing methods have been investigated 

by the signal processing group within the consortium for ECG imaging [4][5]. Several 

studies have also investigated the effect of missing body surface ECG information on 

the reconstructed cardiac signals and the effectiveness of different interpolation 

methods in alleviating this effect [6][7]. Furthermore, the effect of removing noise-

contaminated leads on the accuracy of the inverse solution and consequently on the 

localization of the focus of premature ventricular complexes (PVCs) has been studied 

previously [8]. 

 

In a previous study, using a single dataset, it is demonstrated that removing the lowest 

amplitude signals (<0.2 mV peak to peak over the QRS complex) and replacing them 

with Laplacian interpolated signals improves the inverse reconstruction of cardiac 

electrical activity [9]. As the peak-to-peak amplitude depends on the distance from the 

potential source (the heart), and the location of the recording electrode with respect to 

the QRS axis, some locations on the torso are more prone to the effects of noise than 

others [9]. This study aims to investigate this idea in more detail, by evaluating the 

impact on the inverse solution of removing or replacing low amplitude signals with 

interpolated signals. This work further builds on the previous study by incorporating 

additional datasets generated from a torso-tank experiment where the heart was paced 

at 5 different locations. Two alternative methods of interpolation, the inverse-forward 

method (IF) [10] and a hybrid interpolation scheme [11] are evaluated in this study. 

 

 
Figure 5.01 Body surface maps that show the distribution of peak-to-peak amplitude 

(Ap-p) measured from 192 or 128 surface electrodes. The lowest amplitude leads are 
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located at the right shoulder in the Utah datasets and at the lower part of the torso in 

the Bordeaux dataset. 

 

 

 

 

 

Figure 5.2 The position of the removed/interpolated leads on the torso and their relative 

position to the stimulating electrode on the heart. 

 

Laplacian interpolation of body surface potential maps was firstly introduced by 

Oostendorp et al. [12]. It is based on computing the unknown potentials from the known 

potentials by minimizing the Laplacian of potential function at all points of the body 

surface [12]. This method has been used previously to standardize body surface 

potential data from different research centres [13][14]. It has also been investigated to 

study the impact of interpolating missing potentials on the inverse problem of 

electrocardiography [15][10]. The hybrid interpolation method combines Laplacian 

interpolation and principal component analysis (PCA) interpolation [11]. Principal 

component analysis (PCA) was previously used for temporal and spatial compression 

of BSPM [16][17]. In this study, the PCA method will be used as a part of the hybrid 

interpolation scheme [11][18]. The inverse forward interpolation was developed by 

Burnes et al. [10]. The potentials at an inner surface chosen between the torso and the 

heart were inversely computed from the measured torso potentials using the method of 
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fundamental solutions. The interpolated potentials are then computed by forward 

transforming the inner surface potentials to the outer surface [10]. 

 

5.2 Methods 

5.2.1 Bordeaux dataset 

 

All experimental data were obtained in accordance with the guidelines from Directive 

2010/63/EU of the European Parliament on the protection of animals used for scientific 

purposes and approved by the local ethical committee.  The procedure is described in 

detail in [19]. Briefly, an explanted Langendorff-perfused pig’s heart was suspended in 

an instrumented, human-shaped, electrolytic torso-tank. Electrical potentials were 

recorded simultaneously from 128 tank electrodes (inter-electrode spacing 66±24 mm)  

and 108 sock electrodes (inter-electrode spacing 9.9 ± 2.2 mm) at 2 kHz (BioSemi, the 

Netherlands). For this study, the data recorded with the heart paced from the right 

ventricular (RV) apex was used. Following that, 3D rotational fluoroscopy (Artis, 

Siemens) was used to acquire heart and tank geometries along with the locations of the 

recording electrodes. 

5.2.2 Utah dataset 

 

The experiment was performed under deep anaesthesia using procedures approved by 

the Institutional Animal Care and Use Committee of the University of Utah and 

conformed to the Guide for the Care and Use of Laboratory Animals. The experimental 

setup and protocol were described in detail in [20]. Briefly, A canine heart was excised 

and mounted on a Langendorff's perfusion. It was perfused using a mixture of whole 

blood and Tyrode’s solution. Arterial blood was supplied from a second canine under 

deep anesthesia. The venous blood was extracted from the right ventricle of the isolated 

heart and pumped into the jugular vein of the support dog. A tank shaped like a human 

torso was filled with an electrolytic solution (500 Ω.cm) and the isolated, perfused 

canine heart was suspended in it. The dataset consists of signals recorded 

simultaneously from 192 torso-tank electrodes (with inter-electrode spacing 40.2 ± 

16.8mm) and 247 epicardial sock electrodes (inter-electrode spacing 6.5 ± 1.3 mm). For 

this study, the data recorded when the heart was paced at 5 different epicardial 

locations:  left ventricular (LV)-base, LV-apex, LV-septum, LV-free wall, and right 
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ventricular (RV)-free wall from a series of intramural plunge needles using a 247-

electrode epicardial sock. The epicardial, and torso-tank electrodes were referenced to 

Wilson’s central terminal and were sampled at 1 kHz simultaneously for five seconds 

during pacing. An MRI was used to generate the heart geometry and the tank was 

created via the digitization of the electrode position and manual triangulation [20][21]. 

 

5.2.3 ECG Signal Processing 

 

For the Bordeaux dataset, a Savitzky–Golay filter for baseline wander removal and a 

3rd order Butterworth low-pass filter to remove high-frequency noise above 40 Hz was 

applied. However, for the Utah datasets, only the Butterworth low pass filter to 

eliminate high-frequency noise above 40 Hz was applied. In the Utah datasets, 

representative beats used in this analysis were isolated, baseline corrected, filtered, and 

fiducialized using PFEIFER open-source platform [22]. 

 

5.2.4 Removal or interpolation of ECG leads deemed to be of lowest amplitude 

 

For each dataset, low amplitude ECG leads were determined by sorting, in ascending 

order, all ECG leads (128 leads for the Bordeaux data and 192 leads for the Utah data) 

based on the peak-to-peak amplitude of the signal within the QRS complex (Ap-p). 

Figure 5.1 (generated using Map3d [23]) shows the distribution of Ap-p over the torso 

for each of the datasets (Utah and Bordeaux datasets). 

 

Following that, the 𝑀 leads with the lowest Ap-p were selected and either removed or 

replaced with interpolated signals computed using one of several methods. The number 

of leads (M) was selected as follows: 1, 6, 11, 16, and 21. The methods used to replace 

the selected 𝑀 leads with the lowest Ap-p were as follows: 1. Removal, 2. Laplacian 

interpolation [7][10][12]. 3. Hybrid interpolation [11], 4. Inverse-Forward interpolation 

(IF) [10]. 

 

The Laplacian interpolation method is based on the physical properties that govern the 

behaviour of electrostatic potential in the volume conductor. Since the torso surface 

contains neither sources nor sinks, the Laplacian of the potential over the entire torso 
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surface is zero. So, the unknown potentials are computed in a way that guarantees that 

the spatial second derivative of the potentials is smooth over the surface of the volume 

conductor [10]. Laplacian-based interpolation has been used previously to transform 

BSPMs recorded using one lead system to another lead system in order to pool or 

standardize body surface potential data from different research centres [13][14]. 

 

The hybrid interpolation method combines Laplacian interpolation and principal 

component analysis (PCA) interpolation [11]. In PCA interpolation, it is supposed that 

there is at least one ECG beat over the entire torso surface without missing electrodes. 

The PCA technique on the first beat to find new uncorrelated variables called the 

principal components (PCs) arranged in order of decreasing variance was used. Then, 

the values of potentials for the remaining beats using the first 𝑛 principal components 

that account for most of the variability in the first beat were predicted. In the hybrid 

method, the number of principal components is selected to result in an interpolated 

signal that is a trade-off between Laplacian interpolation and PCA interpolation [11]. 

 

The inverse-forward interpolation (IF) is a method described in [10]. Briefly, it uses the 

method of fundamental solutions to solve the inverse problem to calculate the potentials 

at a surface between the torso and the heart. The interpolated potentials are then 

computed by forward transforming the inner surface potentials to the outer surface. 

Afterward, the recorded and the interpolated signals were segmented manually in the 

Bordeaux dataset and using PFEIFER software for Utah datasets. This resulted in 31, 

12, 13, 14, 13, 12 beats for the Bordeaux, Utah 1, Utah 2, Utah 3, Utah 4, and Utah 5 

datasets, respectively.  

 

5.2.5 Inverse reconstruction of cardiac electrical activity 

 

Given the processed torso electrical potentials and the heart-torso geometries, the 

epicardial electrical potentials were estimated. The boundary element method [24] was 

used to compute the transfer coefficients (forward matrix) that relate the body surface 

potential distributions to the epicardial potential distributions based on the 

measurement of the heart-torso geometry [25]. 

 

𝑉𝑡𝑜𝑟𝑠𝑜 = 𝐴 𝑉𝑒𝑝𝑖 + 𝑒                                                       (5.1) 
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𝑉𝑡𝑜𝑟𝑠𝑜: is a vector of recorded torso potentials.  

𝑉𝑒𝑝𝑖    : is a vector of unknown epicardial potentials.  

𝐴        : is the forward matrix. 

𝑒        : is a vector of measurement noise.  

 

Computing epicardial potentials from the potential measurements on the torso is the 

goal.  This can be achieved by solving the inverse problem. However, the inverse 

problem is ill-posed which means that any small noise in the measurement can 

potentially be amplified in the solution. This can be overcome by regularization. A zero-

order Tikhonov regularization was used [26]: 

 

min
𝑉𝑒𝑝𝑖

[ǁ𝐴𝑉𝑒𝑝𝑖 − 𝑉𝑡𝑜𝑟𝑠𝑜ǁ
2  +  𝜆ǁ𝑉𝑒𝑝𝑖ǁ

2],                    (5.2) 

 

where λ is the regularization parameter calculated using the L-curve which is a log-log 

plot of the regularized solution norm versus the corresponding residual norm. The 

inverse problem was solved using a single lambda value selected by finding the median 

of all lambda values computed at each time instant using the L-curve.  

5.2.6 Methods of comparison 

 

The performance of each method (Laplacian interpolation, Hybrid interpolation, 

Inverse forward interpolation) was assessed by comparing the interpolated ECGs with 

the recorded ECGs using two independent and widely used metrics; Pearson’s 

correlation coefficient (CC) and normalized root mean square error (NRMSE) defined 

as shown in Equation 5.3 and 5.4. Pearson’s correlation coefficient (CC) was also used 

to compare the reconstructed electrograms (EGMs) after removing or interpolating low 

amplitude leads with the recorded EGMs.  

 

𝐶𝐶 = 
∑ (𝑉𝑖

𝑚 − 𝑉𝑚̅̅ ̅̅ )(𝑉𝑖
𝑐 − 𝑉𝑐̅̅̅̅ )𝑛

𝑖=1

√∑ (𝑉𝑖
𝑚 − 𝑉𝑚̅̅ ̅̅ )2𝑛

𝑖=1 ∑ (𝑉𝑖
𝑐 − 𝑉𝑐̅̅̅̅ )2𝑛

𝑖=1

                         (5.3) 

𝑁𝑅𝑀𝑆𝐸 =      

√∑ (𝑉𝑖
𝑚 − 𝑉𝑖

𝑐)2𝑛
𝑖=1

𝑛
 

(max𝑉𝑚 −𝑚𝑖𝑛𝑉𝑚)
                                     (5.4) 
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Where: 

𝑛    represents the number of temporal samples in the EGM or the ECG. 

𝑉𝑖
𝑚 denotes the measured potentials of the 𝑖𝑡ℎ sample. 

𝑉𝑚̅̅ ̅̅  denotes the average measured potential over all samples. 

𝑉𝑖
𝑐  indicates the calculated potentials of the 𝑖𝑡ℎ sample. 

𝑉𝑐̅̅̅̅    indicates the average calculated potential over all samples.  

 

Ground truth activation times (ATT) were computed as the moment of the steepest 

voltage downslope. However, the spatiotemporal approach for which the activation 

times are not only dependent on the temporal signals but also on the spatial gradient of 

potentials between neighbouring nodes was used to compute the activation times from 

the reconstructed EGMs (ATR) [27][28]. Following that, ATT and ATR using Pearson's 

correlation coefficient were compared. 

 

For each beat in each dataset, five metrics were calculated at each electrode: CCECG: 

Pearson's correlation coefficient between the interpolated and recorded ECGs, 

NRMSEECG: normalized root mean square error between the interpolated and recorded 

ECGs, CCEGM: Pearson's correlation coefficient between the reconstructed and 

recorded EGMs, CCAT: Pearson's correlation coefficient between the reconstructed and 

Ground truth ATs, and localization error (LE). For each of the previously defined 

metrics, the median value across all electrodes was calculated, except CCAT and LE 

which are already a single value for each beat. 

 

5.2.7 Statistical analysis 

 

The values of median CCECG, median NRMSEECG, median CCEGM, CCAT and LE across 

all beats are expressed as median [lower quartile, upper quartile]. The Wilcoxon signed-

rank tests were performed for these metrics with p < 0.05 defined as significant. 

 

5.3 Results 

5.3.1 ECG comparisons 
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Figure 5.3 shows the median of NRMSEECG as calculated between the recorded and 

interpolated ECGs. The hybrid method resulted in the lowest values for the median of 

NRMSEECG (p<0.05). On the other hand, the Laplacian interpolation largely exhibited 

the highest error in terms of the median of NRMSEECG.  This was with the exception of 

when the Bordeaux dataset was studied. 

 

The medians of CCECG between the recorded and interpolated ECGs are shown in 

Figure 5.4. All interpolation methods resulted in highly correlated ECGs in Utah 1 and 

3.  The ECG signals interpolated using the hybrid method were the most correlated with 

the recorded ECGs except in the Bordeaux dataset when over 16 leads were 

interpolated. CCECG values were very low for the Laplacian interpolation method in 

Utah 4 and 5. These values were also very low for the IF interpolation method in Utah 

2 and Bordeaux datasets. 
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Figure 5.3 The median of NRMSEECG of ECGs for each of the six datasets.  Each subplot 

shows the median of NRMSEECG measured for HYB, LAP, and IF methods as the 

number of interpolated leads were increased. The median of NRMSEECG values are 

expressed as median [lower quartile, upper quartile]. 
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Figure 05.4 The median of CCECG for each of the six datasets. Each subplot shows the 

median of CCECG measured for HYB, LAP, and IF methods as the number of 

interpolated leads were increased.  The median of CCECG values are expressed as 

median [lower quartile, upper quartile]. 

5.3.2 EGM comparisons 

 

Figure 5.5 presents the median of CCEGM for each of the six datasets. As can be seen, 

there was no significant change in the median of CCEGM when removing the low 

amplitude leads of up to 11 leads in all datasets as compared to when using the full set 

of leads. Furthermore, Laplacian and hybrid interpolating low amplitude leads did not 

improve the inverse solution. Instead, they worsened the reconstructed EGMs in some 

datasets. For example, in Utah 4, when Laplacian interpolation was used over 21 leads, 

the median CC was reduced from 0.825 [0.823, 0.826] to 0.776 [0.774, 0.779] (p<0.05) 
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compared to using the full set for reconstructing (Figure 5.5). The hybrid interpolation 

also worsened the inverse solution for the Bordeaux dataset where median CCEGM 

decreased from 0.619 [0.603, 0.628] to 0.575 [0.556, 0.594] (p<0.05) when removing 

the 21 leads as compared to using the full set of leads. Inverse-forward interpolation 

improved the inverse reconstruction in the Bordeaux dataset, where the median CCEGM 

started at 0.619 [0.603, 0.628] without interpolation, peaked at 0.656 [0.649, 0.663] 

when interpolating 11 electrodes, and then remaining at 0.65[0.643, 0.654] when 

interpolating 21 electrodes (p<0.05). In Utah 5, the median CCEGM increased from 0.81 

[0.805, 0.814] to 0.827 [0.823, 0.83] and then decreased to 0.807 [0.806, 0.809] when 

IF interpolating the 0, 11, or 21 leads with the lowest Ap-p, respectively (p<0.05). The 

change in the median CCEGM for Utah 1 to Utah 4 was slight and insignificant when 

using the IF interpolation method.  
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Figure 5.5 The median of CCEGM of EGMs for each of the six datasets. Each subplot 

shows the median of CCEGM measured for FULL, REM, HYB, LAP, and IF methods as 

the number of removed or interpolated leads were increased.  The median of CCEGM 

values are expressed as median [lower quartile, upper quartile]. 
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Figure 05.6 Scatter plots for all datasets that display at one axis the CCEGM (FULL) 

and at the other axis the CCEGM (REM, LAP, HYB, or IF). The points above the identity 

line represent an improvement in the CCEGM, whereas the points below the identity line 

represent a worsening in the CCEGM. 

 

 

Figure 5.6 shows scatter plots that display the values of two variables: the first one is 

the correlation coefficient between the recorded EGMs and the reconstructed EGMs 

using the full set of leads (CCEGM (FULL)), and the second variable is the correlation 

coefficient between the recorded EGMs and the reconstructed EGMs when 11 leads 

with the lowest Ap-p were removed or interpolated (CCEGM (Inter or REM)). These plots 

help in identifying the sock electrodes where the reconstructed EGMs were improved 
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or worsened. The points above the identity line correspond to improvements in the 

reconstructed EGMs, whereas those below the identity line correspond to worsening in 

the reconstructed EGMs. Figure 5.6a (Utah 4) shows an example where there was a 

slight change in the CC values when using FULL, REM, HYB, or IF methods. LAP 

method resulted in a worsening in the inverse reconstruction as shown in Figure 5.6a. 

Whereas, the change in the inverse reconstruction is higher in the Bordeaux dataset 

(Figure 5.6b). It is apparent that IF interpolation achieved the best results in terms of 

improving the CCEGM values. These results are in agreement with the results showed in 

Figure 5.5. 

 

 

Figure 5.7 The CCAT for each of the six datasets. Each subplot shows the median of 

CCAT measured for FULL, REM, HYB, LAP, and IF methods as the number of removed 

or interpolated leads were increased. The CCAT values are expressed as median [lower 

quartile, upper quartile]. 
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5.3.3 AT comparisons 

 

Figure 5.7 presents the change in the CCAT as more leads were removed or interpolated 

in all datasets. There was no significant change in the median of CCAT when removing 

the low amplitude leads of up to 11 leads in all datasets as compared to when using the 

full set of leads. There was a significant decrease in the CCAT when Laplacian 

interpolation was used over more electrodes in Utah 2, with CCAT decreased from 0.85 

± 0.023 to 0.81 ± 0.02 (p<0.05) after 21 leads were interpolated. The same trend was 

noticed when using the hybrid interpolation in the Bordeaux dataset with numbers 

decreased from 0.87 ± 0.028 to 0.80 ± 0.06 for 0 and 21 leads respectively. However, 

there was a significant increase when the IF interpolation was used for the Bordeaux 

dataset, increasing to 0.93 ± 0.02 for 21 leads (p<0.05). 

 

5.3.4 Localisation error 

 

Fig 5.8 shows the localization error which is the distance between the true pacing site 

and the computed pacing site using the activation times derived from the reconstructed 

EGMs. In Utah 1 and Utah 4, the localization error was approximately fixed at 10.74 

and 13.69 mm respectively.  In Utah 3, apart from the few outliers shown in the figure, 

the localization error was approximately 12.13 mm. There was no significant difference 

in the localization error between different methods of interpolation in these datasets 

(Utah 1, Utah 2, and Utah 3). This is because the different methods of interpolation did 

not impact the reconstructed epicardial potentials especially at the region around the 

pacing site. It is noticed that there is a variation in the localization error between the 

different methods of interpolation and between different beats in Utah 5 and Bordeaux 

datasets. This might be because the interpolated low amplitude leads are located above 

the pacing site in these two datasets as shown in Fig. 2. In the Bordeaux dataset, the IF 

interpolation of the 11 leads with the lowest Ap-p reduced the median of the localization 

error significantly. 
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Figure 05.08 The localization error for each of the six datasets. Each subplot shows 

the median of localization error (LE) measured for FULL, REM, HYB, LAP, and IF 

methods as the number of removed or interpolated leads were increased. The LE values 

are expressed as median [lower quartile, upper quartile]. 

 

 

5.3.5 AT and CC maps 

 

Figure 5.9 presents the CC maps for all datasets when the full set of leads (FULL), the 

11 electrodes with the lowest Ap-p removed (REM), or interpolated using HYB, LAP, 

or IF interpolation methods were used for solving the inverse problem of 

electrocardiography. The results in these maps are in agreement with the results shown 

previously in Fig 5.5. There was no significant change in the CC map between the 

different methods in Utah 1 to 3. In Utah 4 and 5, it can be noticed that the Laplacian 

method worsened the CC map in some regions of the heart. This worsening in the CC 

map is marked by the widening of the blue region. The IF interpolation method 
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improved the CC map in some regions on the heart in Utah 5 and Bordeaux datasets as 

presented in Figure 5.9. This is also apparent from the change in the CC from 0.8171 

and 0.5591 to 0.8245 and 0.645 in Utah 5 and Bordeaux datasets respectively. It is clear 

the widening in the red region in the CC map for Utah 5 and Bordeaux datasets which 

indicates the improvement in the inverse solution. 

 

 

Figure 5.9 Correlation coefficient maps (CC maps) for each of the six datasets when 

11 leads with the lowest Ap-p were removed or interpolated. 
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Figure 5.10 A) The black dots represent the 11 leads with the lowest Ap-p that were 

interpolated or removed. B) CCEGM map between the recorded EGMs and 

reconstructed EGMs using the full set of leads. C) CCEGM map between the recorded 

EGMs and reconstructed EGMs after IF interpolating the 11 leads with the lowest Ap-

p. D) EGMs recorded or reconstructed at the nodes 1,2, and 3 shown in B and C. E) 

Activation time map derived from the recorded EGMs (Left) vs derived from the 

reconstructed EGMs using the full set (Middle) and that derived from the reconstructed 

EGMs using IF interpolation the 11 leads with the lowest Ap-p (Right). 

 

Figure 5.10 shows how interpolating the 11 body surface leads in Utah 5 (Figure 5.10A) 

using the inverse-forward interpolation improved the reconstructed EGMs at nodes 1, 

2, and 3 and the surrounding region. At these nodes, the CCEGM increased from 0.557, 

0.169, 0.031 to 0.882, 0.840, 0.674. The CCEGM maps between the ground truth EGMs 

and reconstructed EGMs are shown in Figure 5.10B (EGMs were reconstructed using 

the full set of leads) and Figure 5.10C (EGMs were reconstructed after IF interpolating 

the 11 leads with the lowest Ap-p). It can be seen from Figure 5.10D how the 

reconstructed EGMs were improved to become closer to the recorded EGMs. The 

activation time maps derived from the recorded EGMs, reconstructed EGMs using the 



The effect of interpolating low amplitude leads on the inverse reconstruction of cardiac electrical 

activity 

___________________________________________________________________________________ 

___________________________________________________________________________________ 

Page 121 

full set, and reconstructed EGMs after IF interpolation of the 11 leads with the lowest 

Ap-p are shown in Figure 5.10E. The correlation between the ground truth AT map and 

the reconstructed AT map is higher for the IF interpolation (CCAT = 0.91) than the full 

set (CCAT = 0.89). 

 

 

Figure 5.11 A) The black dots represent the 11 leads with the lowest Ap-p that were 

interpolated or removed. B) CCEGM map between the recorded EGMs and 

reconstructed EGMs using the full set of leads. C) CCEGM map between the recorded 

EGMs and reconstructed EGMs after IF interpolating the 11 leads with the lowest Ap-p. 

D) EGMs recorded or reconstructed at the nodes 1,2, and 3 shown in B and C. E) 

Activation time map derived from the recorded EGMs (Left) vs derived from the 

reconstructed EGMs using the full set (Middle) and that derived from the reconstructed 

EGMs using IF interpolation the 11 leads with the lowest Ap-p (Right). 

 

The enhancement in the reconstructed EGMs is more apparent in the Bordeaux dataset 

than in the others. Figure 5.11 shows that the enhancements are mainly in two regions 
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(see the CC maps, EGMs plots, and AT maps). There was a substantial increase in the 

CC of the reconstructed EGMs with the recorded EGMs at nodes 1 to 6. The CC values 

increased from -0.006, 0.106, -0.058, -0.757, -0.530, -0.629 to become 0.877, 0.877, 

0.797, 0.591, 0.548, and 0.719. The activation time maps derived from the recorded 

EGMs, reconstructed EGMs using the full-set, and reconstructed EGMs after IF 

interpolation of the 11 leads with the lowest Ap-p are shown in Figure 5.11E. The AT 

map (IF interpolation, CC = 0.902) is more correlated with the AT map (Ground truth) 

than AT map (Full set, CC = 0.845). 

 

It has been noted that the number of the low amplitude leads that should be interpolated 

to improve or at least does not harm the inverse reconstruction should not exceed 11 

electrodes. It is found that this number of leads can be determined by selecting a 

threshold of 0.02 𝑚𝑉. This threshold was computed by finding the percentage of the 

sum of peak-to-peak amplitudes of low amplitude leads to the sum of peak-to-peak 

amplitudes of all leads. 

 

In order to determine the reason behind the improvements seen in the reconstructions 

with interpolation, lambda values used for regularization as computed using the L-curve 

method for each beat were analysed and compared with the optimum lambda value. The 

optimum lambda was defined as the lambda value that gives the best solution in terms 

of the highest CCEGM. Although the optimum lambda value shown in Table 5.1 is one 

value for each beat, there is a range of values for lambda where the highest CCEGM 

occurs. For simplicity, the reported lambda value in the table is one value for each beat. 

In Table 5.1, the median CCEGM was calculated for each beat and the median (min-max) 

across all beats is shown in Table 5.1 for reconstruction using the full data set, the IF 

interpolation of 11 electrodes with the L-curve method to define lambda, and the using 

the full data set but with the optimal lambda value. This explains that there is an 

improvement in the solution in Utah 5 and Bordeaux and no improvement in Utah 1 to 

4 after IF interpolating the lowest amplitude signals. IF interpolating helps in finding a 

better lambda that could improve the solution. Figure 5.12 shows some examples of the 

L-curve and how the selected lambda value becomes closer to the optimum lambda 

when the IF interpolation was performed for the 11 leads with the lowest Ap-p amplitude. 
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Figure 5.12 a set of plots for the L-curve used for identifying the appropriate lambda 

for regularizing the inverse solution for the Bordeaux dataset. These plots show the 

change in the selected lambda when 11 leads with the lowest Ap-p were interpolated 

using IF interpolation as compared to using the full set of leads. 

 

5.4 Discussion 

 

This study investigated the effect of removal or interpolating low amplitude signals on 

the inverse reconstruction of cardiac electrical activity. Body surface signals were 

ranked based on their peak-to-peak amplitude over the QRS complex. Measured low 

amplitude signals were removed or replaced with interpolated signals before computing 



The effect of interpolating low amplitude leads on the inverse reconstruction of cardiac electrical 

activity 

___________________________________________________________________________________ 

___________________________________________________________________________________ 

Page 124 

the inverse solution. IF interpolation, Laplacian interpolation, and hybrid interpolation 

were used and compared. 

 

Although the hybrid method was successful in interpolating the low amplitude leads 

with a higher correlation coefficient and lower NRMSE values as compared to the IF 

interpolation method, it did not result in a better inverse reconstruction of the cardiac 

electrical activity. This is because other parameters such as the regularisation parameter 

can play an important role in getting a better inverse solution. 

 

Table 5-01 The median of CCEGM between true and reconstructed EGMs using Lambda 

selected using the L-curve approach or using the best possible Lambda. 

 

 

 

 

The Laplacian interpolation that has been used as a method to transform BSPMs 

recorded using one lead system to another lead system in order to pool or standardize 

body surface potential data from different research centres [13][14] did not perform 

very well in interpolating low amplitude leads. This is apparent from the worsening in 

Dataset  median of CCEGM 

Full set (λ: L-

curve) 

Lambda 

values 

(Full) 

median of CCEGM 

IF 11 (λ: L-curve) 

Lambda 

values 

(IF 11) 

median of CCEGM 

Full set 

(Optimum λ) 

Lambda values 

(Optimum) 

Utah 1 0.845 (0.842 -

0.851) 

0.0094 

[0.0093, 

0.0096] 

0.849 (0.845 – 

0.856) 

0.0096 

[0.0095 

– 

0.0098] 

0.856 (0.849 – 

0.859) 

0.0114 [0.0134 

– 0.0150] 

Utah 2 0.76 (0.749 – 

0.77) 

0.0126 

[0.0123 

– 

0.0134] 

0.765 (0.75 – 

0.775) 

0.0130 

[0.0128, 

0.0137] 

0.765 (0.754 – 

0.777) 

0.0137 [0.0126 

– 0.0148] 

Utah 3 0.788 (0.78 – 

0.80) 

0.0090 

[0.0090 

– 

0.0093] 

0.786 (0.777 – 

0.8) 

0.0096 

[0.0094 

– 

0.0098] 

0.792 (0.787 -

0.80) 

0.0078 [0.0074 

– 0.0082] 

Utah 4 0.825 (0.817 – 

0.828) 

0.0138 

[0.0135 

– 

0.0140] 

0.827 (0.82 – 

0.833) 

0.137 

[0.0135 

– 

0.0140] 

0.826 (0.821 – 

0.834) 

0.0113 [0.0104 

– 0.0131] 

Utah 5 0.81 (0.80 – 

0.818) 

0.0022 

[0.0021 

– 

0.0024] 

0.827 (0.821 – 

0.84) 

0.0030 

[0.0030 

– 

0.0032] 

0.821 (0.812 -

0.828) 

0.0088 [0.0072 

– 0.0167] 

Bordeaux 0.619 (0.559 – 

0.655) 

0.0017 

[0.0014 

– 

0.0019] 

0.656 (0.63 – 

0.698) 

0.0033 

[0.0030 

– 

0.0036] 

0.666 (0.64 – 

0.683) 

0.0049 [0.0035 

– 0.0058] 
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the reconstructed EGMs and activation times derived from them when this method was 

used.   

 

The Inverse forward interpolation (IF) performed better than other interpolation 

methods. This is not surprising, given the effectiveness of this method over other 

interpolation methods has previously been reported [6][10]. This is because this method 

considers the physics of the problem that describe the electromagnetic field in the torso 

volume conductor. What is surprising is that when some electrodes were interpolated, 

although some information was lost, a better or at least the same reconstruction was 

achieved. That is IF interpolation of the low amplitude signals improved the inverse 

solution in Bordeaux and Utah 5. However, no substantial change was noticed in the 

other datasets (Utah 1, Utah 2, Utah3, and Utah 4) when using the IF interpolation 

method. 

 

The explanation for this improvement is that the interpolation contributed to the 

regularization of the solution. An infinite number of solutions satisfy the equations of 

this problem, and the best solution is selected by regularization. For Bordeaux and Utah 

5 datasets, interpolation improved the choice of the regularization parameter compared 

to the other Utah datasets where choosing other values for lambda did not improve the 

solution. This change in the regularization parameter was noticed as more electrodes in 

the Bordeaux and Utah 5 were interpolated using the IF method. In other words, when 

interpolating these low amplitude signals using the IF method, although some 

information might be lost, this allowed for choosing a better value for the regularization 

parameter that gives a better inverse reconstruction. The stability of lambda values in 

Utah 1 to Utah 4 datasets as more electrodes were interpolated using the IF method 

indicates that the regularization in these datasets is sufficient and no more regularization 

is needed. 

 

 

5.5 Conclusion 

 

Removal of low amplitude signals of up to 11 leads did not change the reconstructed 

EGMs or the activation maps derived from them. In addition, interpolating low 
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amplitude signals using the Laplacian or the Hybrid method improved the inverse 

solution in some datasets but worsened it in other datasets. Furthermore, IF 

interpolating the lowest amplitude signals of up to 11 electrodes improved the 

reconstructed EGMs and the AT maps in some datasets and at the same time did not 

significantly worsen the reconstructed EGMs AT maps in the rest of the datasets. More 

importantly, despite a potential loss of BSPM information when using IF interpolation 

on low amplitude signals, inverse solutions can be improved by altering the L-curve 

and allowing a more optimal regularization parameter to be selected. This improvement 

is not seen by simply removing low amplitude signals. 
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Chapter 6 

Comparing between temporal and 

spatiotemporal methods for calculating 

activation times from electrograms 

 

6.1 Introduction 

 

The identification of the initiation and propagation of the depolarization wavefront on 

the heart is of crucial importance to understand and determine the presence of cardiac 

arrhythmias [1, 2]. The standard 12-lead electrocardiogram (ECG) provides limited 

insight into the spatiotemporal electrophysiological dynamics of the heart. 

Consequently, another modality that provides more specific information about the 

cardiac electrical activity of the heart is required to provide a better diagnosis [3]. As 

discussed previously in the thesis, the epicardial electrograms reconstructed by solving 

the inverse problem of electrocardiography can be used to derive another important 

feature which is the sequence of cardiac electrical activation. These activation 

sequences may help in revealing some important diagnostic information such as 

localizing the focus of premature ventricular complexes (PVC), identifying the line of 

conduction blocks, and the location of epicardial breakthroughs [4]. 

 

The most common approach to identify the time of activation for each recorded or 

reconstructed electrograms is to analyse the temporal sequence of these electrograms 

(EGMs) and subsequently consider the time of steepest descent as the activation time 
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[5–7]. This can be calculated by finding the time instance that corresponds to the 

minimum temporal derivative of the EGM waveform [8, 9]. Another method for 

estimating the AT is the spatiotemporal method. In addition to the temporal derivative, 

this method exploits another important landmark of the activation time (AT), which is 

that the magnitude of the spatial gradient is at its maximum at the moment of activation 

[10]. In this study, the temporal only method versus the spatiotemporal method used 

for estimating the activation time on a canine heart that was paced from 5 different 

locations in a torso-tank experiment were compared. 

 

6.2 Methods 

6.2.1 Utah dataset 

 

This dataset was described previously in chapter 3. Briefly, a tank shaped like a human 

torso was filled with an electrolytic solution (500 Ω.cm) and the isolated, perfused 

canine heart was suspended in it. The dataset consists of signals recorded 

simultaneously from 192 torso-tank electrodes (with inter-electrode spacing 40.2 ± 

16.8mm) and 247 epicardial sock electrodes (inter-electrode spacing 6.5 ± 1.3 mm). For 

this study, the data recorded when the heart was paced from 5 different epicardial 

locations:  left ventricular (LV)-base, LV-apex, LV-septum, LV-free wall, and right 

ventricular (RV)-free wall from a series of intramural plunge needles using the 

epicardial most pair of electrodes was used. The epicardial, and torso-tank electrodes 

were referenced to a Wilson’s central terminal and were sampled at 1 kHz 

simultaneously for five seconds during pacing. An MRI was used to generate the heart 

geometry and the tank was created via digitization of the electrode position and manual 

triangulation [11, 12]. 

 

6.2.2 Inverse reconstruction of cardiac electrical activity 

 

Solving the inverse problem of electrocardiography was described previously in the 

thesis. Briefly, the forward problem of electrocardiography is firstly used to compute 

the transfer coefficients (forward matrix) that relate the body surface potential 

distributions to the epicardial potential distributions based on the measurement of the 

heart-torso geometries [14]. The ill-posedness of the inverse problem can be mitigated 
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by regularizing the inverse solution using zero-order Tikhonov regularization described 

in the following equation [15]: 

min
𝑉𝑒𝑝𝑖

[ǁ𝐴𝑉𝑒𝑝𝑖 − 𝑉𝑡𝑜𝑟𝑠𝑜ǁ
2  +  𝜆ǁ𝑉𝑒𝑝𝑖ǁ

2],           (6.1) 

where λ is the regularization parameter calculated using the L-curve which is a log-log 

plot of the regularized solution norm versus the corresponding residual norm. The 

inverse problem was solved in two ways: 1. Multiple lambdas: L-curve method was 

used to find lambda value at each time instance. 2. Single lambda: using a single lambda 

value selected by finding the median of all lambda values computed at each time 

instance using the L-curve.  

 

6.2.3 Estimating activation times using the temporal method 

 

The cardiac electrical potential 𝑉(𝑖,𝑡) was measured directly from the heart surface or 

reconstructed using the inverse electrocardiography at 𝑛 points: 𝑥1  … 𝑥𝑛 that represent 

vertices of the triangles that combined construct the cardiac surface. The activation time 

can be estimated as the time 𝑡 that minimizes the first derivative of the potential with 

respect to time (𝜕𝑉(𝑖,𝑡)/𝜕𝑡 ) as shown in Figure 6.1.   

 

 

Figure 06.1 The triangulated heart surface with the potentials measured at the nodes 

marked as black spheres (left). The cardiac electrical potential 𝑉(1,𝑡) at node 1 and the 

time of activation marked as a red vertical line (right).  
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6.2.4 Estimating activation times using the spatiotemporal method 

 

There are flaws in estimating the activation time from the computed EGMs using the 

temporal method. Because of the ill-posed nature of the inverse problem, the resulting 

EGMs can be inaccurate. As shown in Figure 6.2, the cardiac potential maps reveal 

crucial information about the activation sequence and the depolarization wavefront on 

the heart surface (The red curves in Figure 2). This information might improve the 

estimation of the activation time using the spatiotemporal scheme. This method 

recognizes that the magnitude of the potential spatial gradient (∇𝑉𝑖,𝑡) is at its maximum 

at the depolarization wavefront. Accordingly, the spatiotemporal method can estimate 

the activation time as the time t that minimizes the function in Equation 6.2 over all 

time instances:  

𝑓𝑖,𝑡 = ‖∇𝑉𝑖,𝑡‖2
𝜕𝑉𝑖,𝑡
𝜕𝑡

              (6.2) 

Where:  

𝑉𝑖,𝑡 denotes the potential value of the 𝑖𝑡ℎ sock electrode at time 𝑡. 

Because the first derivative of the potential with respect to time (𝜕𝑉(𝑖,𝑡)/𝜕𝑡 ) is negative, 

the problem in Equation 6.2 is a minimization problem [10, 16, 17]. In this way, the 

resulting activation times are the outcome of a combination of the temporal and spatial 

electrical behaviour at the heart surface.  
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Figure 6.2 Snapshots of potential maps showing two views of the ventricle at 15, 30, 

45, 60, 75, 90 𝑚𝑠 into the QRS. The red curves outline the depolarization wavefront 

where the magnitude of the spatial gradient is at its maximum.  

 

 

Afterward, a spatiotemporal smoothing of the estimated 𝐴𝑇𝑠 over the heart surface was 

applied as described in [16]. The smoothed estimate of AT (𝐴𝑇𝑠𝑚) is a trade-off 

between the not smoothed AT estimate (𝐴𝑇𝑛𝑠) and the minimization of the surface 

Laplacian of that estimate. This is computed mathematically as follow:  

min
𝐴𝑇𝑛𝑠 

{‖𝐴𝑇𝑠𝑚 − 𝐴𝑇𝑛𝑠‖2
2 + 𝛾‖𝐿 ∗ 𝐴𝑇𝑛𝑠‖2

2}           (6.3) 

Where the minimization of the first term ‖𝐴𝑇𝑠𝑚 − 𝐴𝑇𝑛𝑠‖2
2 push toward getting the same 

unsmoothed AT estimate, while the second term ‖𝐿 ∗ 𝐴𝑇𝑛𝑠‖2
2 minimizes the surface 

Laplacian of the estimate. 𝐿 is the Laplacian operator that can be obtained as explained 

in [18].  

6.2.5 Methods of comparison 

 

The comparison between the temporal (Temp), not smoothed spatiotemporal (ST-NS), 

and smoothed spatiotemporal (ST) methods was performed for the inverse solution 

generated using multiple lambdas over the range of the QRS only, inverse solution 

generated using a single lambda over the whole beat, and the inverse solution generated 

using a single lambda over the range of QRS only. This was implemented in this way 



Comparing between temporal and spatiotemporal methods for calculating activation times from 

electrograms 

___________________________________________________________________________________ 

___________________________________________________________________________________ 

Page 136 

to find out if using multiple lambdas for each time instance or limiting the search for 

the activation time over the QRS period would improve the estimation of activation 

times. The comparison between the estimated ATs using the recorded EGMs and the 

estimated ATs using the inverse solution computed using one of the previously 

mentioned methods was performed using two independent and widely used metrics: 1. 

Pearson’s correlation coefficient (CC); 2. Root mean square error (RMSE) defined as 

shown in Equations 6.4 and 6.5. 

                         𝐶𝐶 =  
∑ (𝐴𝑇𝑖

𝐺 − 𝐴𝑇𝐺̅̅ ̅̅ ̅̅ )(𝐴𝑇𝑖
𝑐 − 𝐴𝑇𝑐̅̅ ̅̅ ̅)𝑛

𝑖=1

√∑ (𝐴𝑇𝑖
𝐺 − 𝐴𝑇𝐺̅̅ ̅̅ ̅̅ )

2𝑛
𝑖=1 ∑ (𝐴𝑇𝑖

𝑐 − 𝐴𝑇𝑐̅̅ ̅̅ ̅)2𝑛
𝑖=1

                (6.4) 

                                     𝑅𝑀𝑆𝐸 =  √
∑ (𝐴𝑇𝑖

𝐺 − 𝐴𝑇𝑖
𝑐)
2𝑛

𝑖=1

𝑛
                                  (6.5) 

Where: 

n     represents the number of the recording sock electrodes. 

𝐴𝑇𝑖
𝐺  denotes the estimated AT of the 𝑖𝑡ℎ recorded EGM. 

𝐴𝑇𝐺̅̅ ̅̅ ̅̅  denotes the average estimated AT over all recorded EGMs. 

𝐴𝑇𝑖
𝑐  denotes the estimated AT of the 𝑖𝑡ℎ computed EGM. 

𝐴𝑇𝑐̅̅ ̅̅ ̅  denotes the average estimated AT over all computed EGMs. 

 

6.2.6 Statistical analysis 

 

The values of CC and RMSE across all beats are expressed as median [lower quartile, 

upper quartile]. A Wilcoxon signed rank test was performed for these metrics with 𝑝 <

 0.01 defined as significant. 

 

6.3 Results 

 

Figure 6.3 shows the comparison between the temporal method (Temp), spatiotemporal 

method with smoothing (ST), and spatiotemporal method without smoothing (ST-NS) 

in estimating the activation sequence of the heart. According to Figure 6.3, it can clearly 

be seen that the activation times estimated from the computed EGMs using the 

spatiotemporal method with smoothing were significantly more correlated to the 

ground truth (activation times estimated from the recorded EGMs) in all cases in the 
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Utah dataset (𝑝 <  0.01) except in Utah 3 where the difference in CC was insignificant 

(𝑝 =  0.9). Incorporating the spatial information through applying the spatiotemporal 

method instead of the temporal method increased the CC values from 0.883 [0.874 – 

0.886], 0.811 [0.806 – 0.818], 0.884 [0.877 – 0.887], and 0.87 [0.86 – 0.878] to 0.908 

[0.907 – 0.911], 0.9 [0.895 – 0.903], 0.878 [0.873 – 0.895], 0.915 [0.907 – 0.92] for 

Utah 1 , Utah 2, Utah 3, and Utah 5 (𝑝 <  0.01). On the other hand, adding a smoothing 

step to the spatiotemporal method improved the estimation of AT. The values of CC 

escalated from 0.86 [0.856 – 0.872], 0.808 [0.805 – 0.821], 0.878 [0.872 – 0.883], 0.888 

[0.865 – 0.891] to 0.908 [0.907 – 0.911], 0.899 [0.895 – 0.903], 0.878 [0.873 – 0.896], 

0.915 [0.907 – 0.92] for Utah 1, Utah 2, Utah 3, and Utah 5 (𝑝 <  0.01). The difference 

in CC values between the smoothed and unsmoothed spatiotemporal AT was 

insignificant for Utah 4 (𝑝 =  0.58).  

 

Figure 6.3 The correlation coefficient between the AT estimated from the recorded 

EGMs and the AT estimated from the computed EGMs. The EGMs were computed using 

A single lambda value, and the QRS duration was considered for estimating the AT. 

The AT was estimated using one of the three methods: 1. Temporal method (Temp) 2. 

Spatiotemporal method (ST) 3. Spatiotemporal method without smoothing. 
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Figure 6.4 AT maps for the ground truth estimated from the recorded EGMs (GT), 

estimated using the temporal method (DV), estimated using the spatiotemporal method 

with smoothing (ST), and estimated using the spatiotemporal method without smoothing 

(ST-NS). The AT maps are displayed from two opposite sides of the heart.  

 

 

An example of the enhancement on the AT map after applying the ST method is 

presented in Figure 6.4. It is apparent that this method captured in adequate details the 

initiation and propagation of the activation wavefront (𝐶𝐶 =  0.9) much better than 

what can be seen using the other methods (𝐶𝐶 =  0.804, 𝐶𝐶 =  0.818). The AT maps 

of the other beats from other datasets apart from the Utah 3 showed a similar trend. This 

is a result of the added value that the spatial distribution of the cardiac electrical 

potential can provide.  
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Figure 6.5 The RMSE between the AT estimated from the recorded EGMs and the AT 

estimated from the computed EGMs. The EGMs were computed using A single lambda 

value, and the QRS duration was considered for estimating the AT. The AT was 

estimated using one of the three methods: 1. Temporal method (Temp) 2. 

Spatiotemporal method (ST) 3. Spatiotemporal method without smoothing. 

 

 

Figure 6.5 illustrates the comparison between the previously mentioned methods of 

estimating AT using RMSE metric. It is shown that RMSE values were lower for the 

ST method as compared to the Temp method in the Utah 1 and Utah 2. RMSE values 

went down from 6.290 [6.189 – 6.420], 11.815 [11.674 – 12.199] to 6.155 [6.091 – 

6.199], 9.730 [9.273 – 9.820] (𝑝 <  0.01). The differences between the Temp method 

and the ST method were insignificant for Utah3, Utah4, and Utah5 (𝑝 >  0.01). 

However, smoothing the AT map through using the spatiotemporal method with 

smoothing reduced the RMSE values from 7.2 [6.910 – 7.259], 11.133 [10.640 – 

11.258], 9.865 [9.736 – 10.088] to 6.155 [6.091 – 6.199], 9.730 [9.272 – 9.820], 9.658 

[9.393 – 9.911] for Utah1, Utah2, and Utah4 (𝑝 <  0.01). The changes for Utah 3 and 

Utah 5 were insignificant (𝑝 >  0.01). 
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Figure 6.6 The correlation coefficient between the AT estimated from the recorded 

EGMs and the AT estimated from the computed EGMs using the temporal method. WB 

means that the whole beat was considered for estimating AT. QRS indicates that the 

QRS duration was considered for estimating AT. SL indicates that a single lambda was 

used for solving the inverse problem. ML means that multiple lambda values was used 

for solving the inverse problem. 

 

 

Figure 6.6 presents the performance of the Temp method in computing AT from the 

whole beat of EGMs (WB-SL), the QRS part only with a single lambda for solving the 

inverse solution (QRS-SL), or the QRS part only with a lambda value at each time 

instance (QRS-ML). Clearly, limiting the search for the AT to the QRS duration only 

did not change the results positively or negatively as shown in Figure 6.6. On the other 

hand, using a lambda value for each time instance (QRS-ML) significantly impacted 

the estimated AT in a negative manner as compared to using a single lambda for all 

time instances in Utah2 and Utah5. The CC values descended from 0.811 [0.806 – 

0.818], 0.870 [0.860 – 0.878] to 0.658 [0.565 – 0.744], 0.782 [0.714 – 0.828] (𝑝 <

 0.01). In the rest of the datasets, the differences are very slight. 
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Figure 6.7 The correlation coefficient between the AT estimated from the recorded 

EGMs and the AT estimated from the computed EGMs using the spatiotemporal method 

with smoothing.  

 

 

The performance of the ST method in calculating AT from WB-SL, QRS-SL, or QRS-

ML is shown in Figure 6.7. In contrast to what has been seen in the Temp method where 

considering the QRS duration only for computing the AT did not change the results, in 

the ST method there was a significant improvement in the AT maps when providing 

the ST method with part of the EGMs that corresponds to the QRS duration only. For 

Utah1, Utah2, and Utah3 the values of CC were 0.902 [0.871 – 0.904], 0.870 [0.862 – 

0.880], 0.825 [0.804 – 0.882] respectively when considering the whole beat, but when 

considering only the QRS duration, these values increased to become 0.908 [0.907 – 

0.911], 0.899 [0.895 – 0.903], 0.878 [0.873 – 0.896] (𝑝 <  0.01). For Utah4 and Utah5 

the differences were insignificant (𝑝 >  0.01). Using the ST method for QRS-ML 

resulted in comparable values of CC to that when using the ST method for QRS-SL. 

 

6.4 Discussion 

 

The performance of several methods for estimating AT from the computed EGMs 

including Temp, ST, and ST-NS methods was evaluated. The AT maps were improved 

when applying the spatiotemporal method with smoothing as compared to applying 

Temp method or spatiotemporal without smoothing. This is inferred from the increase 
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in the CC values in 4 out of 5 cases and non-significant change in 1 out of 5. As well 

as that, there were a reduction in RMSE values in 2 out of 5 datasets, and no significant 

change in the rest of the datasets when using the ST method as compared to the Temp 

method, and a reduction in RMSE values in 3 out of 5 datasets and no significant change 

in the other two datasets. Overall, the ST method performed much better than the Temp 

method in terms of CC in most of the Utah datasets. In addition, the ST method resulted 

in an improved AT map after applying the smoothing step in the ST method as 

compared to the ST-NS.    

 

There was no change in the AT map when using the temporal method for the whole 

beat or only the QRS duration. This is because the temporal method detects the time of 

the maximum downslope as the activation time which does not change for the whole 

beat or the QRS duration as long as the EGM signal does not have fractionation or high 

frequency noise which is the case in the filtered Utah datasets considered in this study. 

However, when using the ST method for estimating the AT, considering only the QRS 

duration for computing the AT improved the results as compared to considering the 

whole beat.  

 

6.5 Conclusions 

 

The spatiotemporal method with smoothing performed better than the spatiotemporal 

method without smoothing or the temporal only method in estimating the AT. In 

addition, considering only the QRS duration instead of the whole beat for AT estimation 

improved the results when using the spatiotemporal method with smoothing. 

Consequently, it is recommended to use the spatiotemporal method with smoothing and 

considering the QRS duration only to get the best results of AT estimation.  
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Chapter 7 

Concluding summary and discussion of main 

findings 

 

The overall aim of this project is to analyse the influence of different pre-processing 

techniques, including filtering and interpolation, on the inversely reconstructed 

epicardial electrograms, epicardial potentials, and activation time maps. Several 

objectives have been defined to achieve this goal. These objectives were: 1) To study 

of the impact of applying different pre-processing methods for removing high 

frequency noise, baseline drift, and line frequency noise from body surface ECG signals 

on the reconstructed epicardial potentials and the features extracted from them. 2) To 

develop a novel interpolation method that combines Laplacian minimization and 

principal component analysis (PCA) techniques for interpolating missing information 

in body surface potential maps. 3) To investigate the impact of interpolating low 

amplitude signals using different interpolation methods on the inverse reconstruction 

of cardiac electrical activity including the electrograms, potential maps, and activation 

time maps. 4) To compare the accuracy of the temporal method versus the 

spatiotemporal method in estimating the activation times from the reconstructed 

electrograms. 

 

The impact of different filtering techniques such as a filter that complies with 

international standard for diagnostic ECG devices (0.5 – 150 Hz and notched at 60 Hz 

and 120 Hz) [1], a filter that complies with international standards for monitoring ECG 
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devices (0.5 – 40 Hz), and a filter with a bandwidth of 0.5 - 30 Hz on the inversely 

reconstructed cardiac electrical activity was investigated in Chapter 3. These filters 

were applied on the original body surface ECG signals before and after the addition of 

different levels of baseline wander or Gaussian noise.  

  

The study recommends utilizing a filter that complies with international standards for 

ECG diagnostic devices for denoising the body surface ECG signals  employed for the 

reconstruction of cardiac electrical activity. This is because the body surface ECG 

signals recorded in the clinical settings contain low frequency noise such as baseline 

wander, and high frequency noise such as muscle artifacts and line frequency noise that 

should be removed to achieve a better inverse solution. It has been shown that the 

baseline wander significantly impacts the inverse solution. The removal of this noise 

was achieved by utilizing a low frequency cut-off at 0.5 Hz. In addition, the high 

frequency cut-off at 150 Hz is better than 40 Hz because the latter could introduce 

undesired waves in the baseline of the reconstructed electrograms. Moreover, the 40 Hz 

high frequency cut-off smooths the peaks of the reconstructed electrograms and reduces 

their amplitudes. The filter that fulfills these characteristics is the filter that has a 

bandwidth of 0.5 – 150 Hz and complies with the international standards for ECG 

diagnostic devices. 

 

Further work that investigates clinical data is required. The recording of the body 

surface ECG signals in the experimental data does not contain the level of noise that 

can be seen in the clinical data. In the clinical practice, the ECG signal is contaminated 

with noise from several types of sources such as breathing, muscle artifacts, and 

electrode-skin interface [2] that is difficult to mimic in the experimental set-up.  

 

Chapter 4 of this thesis introduces a novel interpolation scheme (the hybrid 

interpolation) that integrates the advantage of the Laplacian interpolation [3] and PCA 

method [4] to estimate the potential values at the detached or poorly connected 

electrodes in body surface potential maps. This can help in filling the gaps of missing 

data in body surface potential maps that could be used for ECGI. The Laplacian 

interpolation estimates the potential values by minimizing the second spatial derivative 

of the potential field over the torso surface. However, the PCA method learns from the 

full body surface potential maps in the training set to perform the interpolation. 
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The hybrid interpolation performed better than the Laplacian interpolation and PCA 

interpolation in estimating the missed potential values in the body surface potential 

maps. The improvement in the performance of the hybrid interpolation was emphasized 

by the lower RMSE values and higher CC values. The lower RMSE values indicate that 

the differences between the interpolated and measured ECG or the interpolated and 

measured body surface potential maps are lower when the hybrid interpolation was 

used. However, the higher CC values indicate that the morphology of the interpolated 

ECG was more similar to that of the measured ECG.  

 

In Chapter 5, the body surface ECG signals with the lowest peak-to-peak amplitudes 

which are more susceptible to noise were removed or replaced with interpolated ECG 

signals before inversely reconstructing the epicardial electrical activity. Three methods 

of interpolation including the hybrid interpolation, the Laplacian interpolation, and the 

inverse-forward interpolation [5] were investigated. The inverse reconstruction of 

cardiac electrical activity after performing the removing and interpolation of the ECG 

signal with the lowest peak-to-peak amplitude were compared.  

 

The hybrid method did not show an improvement in the inverse reconstruction, and 

aften resulted in a worse inverse solution when it was utilized for interpolating low 

amplitude ECG signals. In the context of interpolating low amplitude leads, the 

Laplacian interpolation which has been used previously as a standard method for 

transforming the BSPM between different research groups [6, 7] resulted in a worse 

inverse reconstruction when it was compared with the removal or interpolation of these 

low amplitude ECG signals.  

 

The best performance was achieved when the inverse-forward interpolation method 

was utilized. This can be attributed to that this method of interpolation considers the 

physical properties of the propagation of the electromagnetic field in the torso volume 

conductor. This method resulted in no change in the inverse reconstruction in 4 cases 

and significantly better inverse reconstruction in two cases. It has been seen that the 

change in the regularisation parameter as a result of applying the IF interpolation to 

replace these low amplitude ECG signals is the reason behind the improvement in the 

inverse solution. 
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The study conducted in Chapter 6 compares between different methods of computing 

the activation time from the reconstructed EGMs. Firstly, the comparison was 

conducted between the temporal method, spatiotemporal method with smoothing, and 

spatiotemporal method without smoothing [8 - 10]. It was shown that the 

spatiotemporal method with smoothing performed better that the spatiotemporal 

method without smoothing and the temporal method. This indicates that considering 

the spatial information of the reconstructed EGMs improved the estimated activation 

times. In addition, the smoothing step in the spatiotemporal method resulted in a better 

estimation of the activation time. 

 

Secondly, the spatiotemporal method with smoothing was used to compute the 

activation time when the whole beat or the QRS part of the beat were considered for 

this computation. The comparison showed that considering only the QRS part of the 

beat improved the results of the computed activation times. 

 

The third comparison was performed to compare the effectiveness of the spatiotemporal 

method with smoothing in estimating the activation times when two ways of selecting 

the regularisation parameter for solving the inverse problem were utilized: 1. Multiple 

lambdas: selecting a lambda value using L-curve for each time instance. 2. Single 

lambda: selecting the median value of lambda values across all time instances. It was 

noticed that using a single lambda (the median value) improved the inverse solution 

and the activation times derived from them.  

 

Future work is required to investigate the effect of changing the smoothing parameter 

on the computed activation times. This could help in finding a method that selects the 

smoothing parameter that gives the optimal computation of the activation time. 
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Appendix 1 

Glossary of terms  

 

 

Premature ventricular contraction 

Premature ventricular contraction (PVC) is a cardiac arrhythmia where the wave of 

excitation of the heart is created by the purkinje fibres causing an extra heartbeat that 

disrupts the regular heart rhythm. 

 

Ventricular tachycardia 

Ventricular tachycardia (VT) is a cardiac arrhythmia characterised by irregular fast 

heart rate caused by improper cardiac electrical activity. The QRS complex in VT is 

wide (≥ 120 𝑚𝑠). 

 

Body surface potential mapping  

Body surface potential mapping (BSPM) is a recording of the electrical activity of the 

heart from more than 100 electrodes distributed on a human torso surface. The 

generated body surface potential maps describe the spatial distribution of the potentials 

over the body surface at each time instance of the cardiac cycle.  

 

Electrocardiographic imaging 

Electrocardiographic imaging (ECGI) is a modality that utilizes the patient specific 

heart-torso geometry and body surface ECG signals to inversely reconstruct cardiac 

electrical activity such as epicardial potential, epicardial electrograms, and activation 

times.  

 

Electrograms  

Recording of the electrical activity of the heart using electrodes placed directly on the 

heart tissue.  
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Activation time 

The time of the activation of the heart as derived from the recorded electrograms. 


